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1. Introduction 

Test ideals were first introduced by Mel Hochster and Craig Huneke in their celebrated 
theory of tight closure [HH90 , and since their invention have been closely tied to the theory 
of Frobenius splittings [MR85, RR85J. Subsequently, test ideals have also found application 
far beyond their original scope to questions arising in complex analytic geometry. In this 
paper we give a contemporary survey of test ideals and their wide-ranging applications. 

The test ideal has become a fundamental tool in the study of positive characteristic al- 
gebraic geometry and commutative algebra. To each ring R of prime characteristic p > 0, 
one can associate a test ideal t(R) which reflects properties of the singularities of R. If R is 
regular, then t(R) = R; more generally, if the singularities of R are mild, one expects that 
t(R) is close to or equal to R. Conversely, severe singularities give rise to small test ideals. 

While the name test ideal comes from Hochster and Huneke's original description as the 
so-called test elements in the theory of tight closure, we initially define them herein somewhat 
more directly without any reference to tight closure. Briefly, our approach makes use of pairs 
(R,4>) where R is an integral domain and <f>: R}' p — > R is an i?-module homomorphism, a 
familiar setting to readers comfortable with the theory of Frobenius splittings. This per- 
spective has numerous advantages. In addition to the relative simplicity of the definition of 
the test ideal, this setting also provides a natural segue into the connection between the test 
ideal and the multiplier ideal. Nevertheless, we do however include a short section on the 
classical definition via tight closure theory. In addition, we also include sections focusing on 
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various related measures of singularities in positive characteristic besides the test ideal, such 
as i^-rationality and Hilbert-Kunz multiplicity. 

We have tried to make the sections of this paper modular, attempting to minimize the 
reliance of each individual section on the previous sections. Following the initial discussion on 
preliminaries and notation, the main statements throughout the remainder of the document 
can all be read independently. In addition, we have included numerous exercises scattered 
throughout the text. It should be noted that while many of the exercises are quite easy, some 
are substantially more difficult. We denote these with a *. 

We hope that this survey will be readable and useful to a wide variety of potential audi- 
ences. In particular, we have three different audiences in mind: 

(i) Readers working in characteristic p > commutative algebra who wish to understand 
generalizations to "pairs" and connections between test ideals and algebraic geometry. 
These individuals will probably be most interested in Sections El El and [71 

(ii) Readers familiar with Frobenius splitting techniques who wish to learn of the lan- 
guage and methods used by their counterparts studying tight closure (Section [5]) and 
connections to the minimal model program (Section 0]). These individuals may wish 
to skim Section [2j They may additionally find sections [3] and [8] useful. 

(iii) Readers with a background in complex analytic and algebraic geometry working on 
notions related to the multiplier ideal or the minimal model program who wish to learn 
about characteristic p > methods. The most useful material for these individuals 
is likely found in Sections El [3l [H and [H 

This survey is not, however, designed to be an introduction to tight closure, as there are 
already several excellent surveys and resources on the subject, see |Hun9 6, SmiOT] and |BH98, 
Chapter 10]. In addition, the reader interested in Frobenius splitting and related vanishing 
cohomology theorems is referred to [BK05]; we shall not have occasion to discuss global 
vanishing theorems in this survey. 

In the appendices to this paper, we very briefly review the notions of Cohen-Macaulay and 
Gorenstein rings, as well as several forms of duality which are used minimally throughout 
the body of the paper. These include local duality, Matlis duality and Grothendieck duality. 
Also included is a short summary of the formalism of divisors on normal varieties from a very 
algebraic point of view. 

As those experts already familiar with the technical language surrounding the development 
of test ideas will be quick to notice, the terminology and notation in this paper also differs 
from that used historically in the following way: 

Convention. When referring to the test ideal t{R) throughout this paper, we always 
refer to the big (or non-finitistic) test ideal, often denoted by t(R) or Tb(R) in the literature. 
We will call the classical test ideal, i.e. the test ideal originally introduced by Hochster and 
Huneke, the finitistic test ideal and denote it rather by Tf g (i?). 

We make this simplifying convention largely because we believe there is now consensus that 
the big test ideal is the most important notion to study. Of course, the two notions (finitistic 
and non-finitistic) coincide in most contexts and are conjectured to be equivalent (Conjecture 
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are also based on notes the first author wrote while teaching a course on F-singularities at 
the University of Utah in Fall 2010. 

2. Characteristic p preliminaries 

Setting. Throughout this paper all rings are integral domains essentially of finite type over 
a field k. In this context, the word "essentially" means that R is obtained from a finitely 
generated fc-algebra by localizing at a multiplicative system. In this section, that field k is 
always perfect of prime positive characteristic p > 0. □ 

2.1. The Frobenius endomorphism. When working in characteristic p > 0, the Frobenius 
or p-th power endomorphism is a powerful tool which can be thought of in several equivalent 
ways. First and foremost, it is the ring homomorphism F ' : R — > R given by r i— > r p . However, 
in practice it is often convenient to distinguish between the copies of R serving as the source 
and target. To that end, consider the set R}' p of all p-th roots of elements of R inside a 
fixed algebraic closure of the fraction field of R. The set R}/ p is closed under addition and 
multiplication, and it forms a ring abstractly isomorphic to R itself (by taking p-th roots). 
The inclusion R C R}' p is naturally identified with the Frobenius endomorphism of R and 
gives R}/ p the structure of an iZ-module. 

More generally, denoting by R}/ pe the set of p e -th roots of elements of R and iterating the 
above procedure gives 

R C R l > p C R 1 ^ 2 C - - - C R l > p£ C R 1 ^ 1 C • • • 

where each inclusion is identified with the Frobenius endomorphism of R. Thus, as before 
R}' pe is a ring abstractly isomorphic to R, and the inclusion R C R l / pe is identified with the 
e-th iterate F e : R — l R of Frobenius given by r i— > r p . For any ideal I = (zi, . . . , z m ) C R, 
we write I 1 /? 8 = (z^ p , . . . , Zm P ) R \/ P <^ to denote the ideal (in i? 1//pE ) of p e -th roots of elements 
of /. Again, we have that i? 1//pE is an .R-module via the inclusion R C R l l pe . 

Exercise 2.1. Consider the polynomial ring S = k[x±, . . . ,x^]- Show that S l / p " is a free 
5-module of rank p ed with S-basis {x^ 1 ^ . . . x X ^ v }o<A 4 <p e -i- 

If M is any i?-module, the (geometrically motivated) notation F£M is often used to de- 
note the corresponding i?-module coming from restriction of scalars for F e . Thus, M and 
F^M agree as both sets and Abelian groups. However, if F^m denotes the element of F£M 
corresponding torn £ M, we have r ■ F^m = F£(r p ■ m) for r € R and m € M. It is easy 
to see that F£R and R}' pe are isomorphic i?-modules by identifying F^r with r 1 /^ for each 
r 6 R. While we have taken preference to the use of R}> p " throughout, it can be very helpful 
to keep both perspectives in mind. 

Remark 2.2. We caution the reader that the module F^M is quite different from that which 
is commonly denoted F e (M) originating in [PS 73] . This latter notation coincides rather with 
M F^R considered as an R-F^R bimodule. 

Exercise 2.3. Show that F£( ) is an exact functor on the category of i?-modules. Conclude 

that F£(R/I) and _R 1 /P e // 1 /P e are isomorphic R- modules (and (F£R = i? 1//pe )-modules) for 
any ideal ICR. 

Lemma 2.4. R 1 !^ is a finitely generated R-module. 



Essentially all of the positive characteristic material in this paper can easily be generalized to the setting of 
reduced F-finite rings. In addition, large portions of the theory extend to the setting of excellent local rings. 
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Proof. Because R is essentially of finite type over k, we may write R = W~ 1 (k[x±, . . . , x n ]/I) 
where I is an ideal in S = k[x±, . . . , x n ] and TV is a multiplicative system in S/I. First notice 
that (5 , /I) 1//pe = S^' p " I 'I 1 '?" is certainly a finite S'/I-module by Exercise 12.11 But then we 
have that W" 1 ((S/I) 1 ^) is a finitely generated W 1 (S'//)-module, and so the result is 

proven after observing W' 1 ({S/I) 1 ^) = ((WP^-^S/ I)) 1/p£ = (W- l (S/I)) l/p \ □ 

Test ideals are measures of singularities of rings of characteristic p > 0, and will be defined 
initially through the use of a homomorphism cf) G Hom^(i? 1//pe , R). The following result which 
demonstrates that it is reasonable to use properties of R l ' pe to quantify the singularities of 
R. 

Theorem 2.5. [Kun69j R is regular if and only if R l / p& is a locally -free R-module. 

Proof. The forward direction of the proof follows by reducing to the case of Exercise 12. 1\ 
while the converse direction is more involved; see [Kun69| and [Lec64| . □ 

2.2. F-purity. Rather than requiring that R 1 ^" be a free -R-module, one might consider the 
weaker condition that R is a direct summand of R 1 ^" . To that end, recall that an inclusion 
of rings A C B is called split if there is an ^-module homomorphism s: B — >• A such that 
s\a = id^ (in which case B is isomorphic as an A-module to A © ker(s), and s is called a 
splitting of AC B). 

Definition 2.6. R is F-piir^l if the inclusions R C R l / pe are split. 

Exercise 2.7. Suppose that R is -F-pure. Show that, for every .R-module M and all e > 1, 
the natural map M — >• M (8>_r R}' p " is injective. 

In the setting of this paper - where R is essentially of finite type over a perfect field k - 
the converse statement also holds [Hoc77], but may fail in general. For an arbitrary ring, the 
injectivity of M — >• M R 1 ^" for all M is taken to be the definition of F-purity. 

Exercise 2.8. Show that if R C R 1 /^ is split for some e > 1, then it is split for all e > 1. 

Exercise 2.9. Suppose that q G Speci? is a point such that i? q is F-pure. Show that there 
exists an open neighborhood U C Spec R of q such that Rp is F-pure for every point p G U. 
Hint: Prove R C R 1 /^ splits if and only if "evaluation at 1" Hom fl (i2 1 /P e , R) -> i? is 
surjective. 

Exercise 2.10. Suppose that for every maximal ideal m € Speci?, i? m is F-pure. Show that 
R is also F-pure. 

In Theorem 12. 141 below, we exhibit a simple way of determining whether R is F-pure. 

Definition 2.11 (Frobenius power of an ideal). Suppose I = (y%, . . . ,y m ) C R is an ideal. 
Then for any integer e > 0, we set 1^ to be the ideal (y p , . . . , y p )r. 

Exercise 2.12. Show that (/[P e ]) 1 /P e = IR 1 / pC 1 and conclude I^i is independent of the 
choice of generators of I. 

Exercise 2.13. Suppose that R is a regular local ring and I C R is an ideal. If x € R, show 
that x G /[ p£ ] if and only if ^(x 1 /^) G I for all <p G Hom K (fl 1 / pe , R) . 



A splitting of i? C JJ ' p is referred to as an ^-splitting. At times, F-pure rings are also known as F- 
split, but we caution the reader that (particularly when in a non-affme setting) these terms are not always 
interchangeable. 
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Theorem 2.14 (Fedder's Criterion). |Fed83[ Lemma 1.6] Suppose that S = k[x±, . . . ,x n ] 
and that R = S/I is a quotient ring. Then for any point q G SpecF = V(I) C Spec S, the 
local ring Rq is F-pure if and only if (J^l : /) % q^. (Notice we are abusing notation by 
identifying q G SpecF with its pre-image in SpecS). 

Proof. We sketch the main ideas of the proof and leave the details to the reader. First observe 
that every map (f) G Hom/j(i? 1 / pe , R) is the quotient of a map ijj G Horns (S 1/p< \S) (use the 
fact that <)V pe is a projective 5-module). Next prove that Horns (S 1 /^ , S) is isomorphic 
to S 1 /^ as an S 1 ^" -module. Finally, show that (/[ pe l : ■ Horns (S 1 / p " , S) corresponds 

exactly to those elements of Horns (S 1 ^ pE , S) which come from Homfi(i? 1 / pe , R). Once this 
correspondence is in hand, show that the elements <f> G Hom^j(F 1//pe , R) that are surjective at 
Rq are in bijective correspondence with the elements x G (/t pe l : I) which are not contained 
inq[P e l □ 

Exercise 2.15 (Coordinate Hyperplanes are F-pure). Suppose that S = k[x±, . . . , x n ] and 
/ = (xi ■ ■ ■ x n ). Show that S/I is F-pure. 

*Exercise 2.16 (Elliptic curves). Show that R = ¥ p [x, y, z]/{x 3 + y 3 + z 3 ) is not F-pure 
if p = 2, 3, 5, 11, but is F-pure if p = 7, 13. Generally, show that R is F-pure if and only if 
p = 1 mod 3, in which case the associated elliptic curve is ordinary (see [Har77, Page 332]). 

Exercise 2.17. Suppose that S = ¥ p [x,y,z] and that f = xy — z 2 and g = x 4 + y 4 + z 4 . 
Show that, for any choice of p, S/ (/) is always F-pure while S/ (g) is never F-pure. 

Exercise 2.18. [HR76, Proposition 5.31] A reduced ring R of characteristic p > with total 
quotient ring K is called weakly normal if it satisfies the following property: for every x G K, 
x p G R automatically implies x G R as well. Prove that any F-pure ring is weakly normal. 
Hint: First check that a splitting of R C R}l p can be extended to a splitting of K C K 1 ^. 

3. The test ideal 

Setting. In this section as before, all rings are integral domains of essentially finite type over 
a perfect field of characteristic p > 0. 

While the test ideal was first described as an auxiliary component of tight closure theory, 
we give a description of the test ideal without reference to tight closure in this section. This 
description has roots in [Smi971 ILSOll IHT04] ; see also [SchlOal Theorem 6.3] for further 
statements and details. 

3.1. Test ideals of map-pairs. We begin by introducing test ideals for pairs (R,(p), where 
the addition of a homomorphism <f> G Hom^F 1 /^ , R) in fact helps to simplify the definition. 

Definition 3.1. Fix an integer e > and a non-zero F-linear map 0: R l / pe -> R (for 
example, a splitting of R C R l / pe ). We define the test ideal r(R,<p) to be the unique 
smallest non-zero ideal J C R such that (f>(J 1/pe ) C J. 

We make two initial observations about this definition: 

(1) It is in no way clear that there is such a smallest ideal! (More on this soon.) 

(2) The choice of 4> can wildly change the test ideal, as in Exercise 13 . 5 1 b elow . In particular, 
t(R, 4>) doesn't just reflect properties of R, but rather incorporates those of <fi as well. 

Remark 3.2. If 0: R 1 ^" -> R is as above, and J C R is an ideal such that (f>(J 1/pe ) C J, 
then J is said to be ^-compatible. Thus t(R, 4>) is the unique smallest non-zero ^-compatible 
ideal. 
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Exercise 3.3. cf. [BB09bj With notation as above, show that 4>(t(R, 4>) 1/pE ) = t(R,4>). 
Hint: Show that (f>(r(R, <p) l / pe ) is 0-compatible 

Exercise 3.4. [FW891 Proposition 2.5], jVas98l Theorem 3.3], [SchlOal Theorem 7.1] Sup- 
pose that in addition <j): R 1 ^" — > R is surjective (for example, a splitting of R C R 1 /^). 
Show that t(R,4>) is a radical ideal. Furthermore, prove that R/t(R,4>) is an F-pure ring. 

Exercise 3.5. Suppose that R = ¥2[x,y] and recall that R 1 ! 2 is a free R- module (Exercise 
12. ip with basis 1, x 1 / 2 , y 1 ^ 2 , (xy) 1 ^ 2 . Consider the i?-linear three maps a,/3, 7: R 1 ^ 2 — > R 
defined as follows: 

R l/2 R R l/2 -L^. R R l/2 — — ^- R 
11 ^0 II ^0 II ^1 

x l/2 1 ^ x 1 / 2 1 ^ 1 x 1 / 2 1 

, _ ^2 , _ ^2 , _ 

{xyfl 2 1 »» 1 {xyfl 2 1 »- {xyfl 2 1 *■ 

Prove that r(R,a) = R, t(R,(3) = (y) and t(R, 7) = (xy). 

Now we turn our attention to the question of existence. We make use of the following 
somewhat technical lemma, which has its origins in tight closure theory. 

Lemma 3.6. |HH901 Section 6] ; [Schllb| Proposition 3.21] Suppose that (p: R 1 /^ -> R is a 
non-zero R-linear map. Then there exists a non-zero c £ R satisfying the following property: 
for every element 7^ d G R, there exists an integer n > such that c G n ((dR) 1 / p ™ e ). Here 
cj) n is defined to be the composition map 

R l/ P ™ ^ Rl/P^- 1 ^ — ^ R l/p<"-^ » > R l/ P e R, 

Proof. The proof is involved, and so we omit it here and refer the interested reader to [HH94, 
Theorem 5.10]. However, let us remark that if b G R is such that Rb := -R[& -1 ] is regular 
and also Hom^ {R l J p , Rb) is generated by 4>b as an R\ - m °dule, then c = b l will suffice for 
some / ^> 0. In fact, if additionally b G ^(i? 1//pE ), then c = 6 3 will work. □ 

Remark 3.7. The element c G R constructed above in Lemma 13.61 is an example something 
called a test element. It's construction implies that c remains a test element after localization 
and completion (this condition is also sometimes called being a completely stable test element). 

Theorem 3.8. With the notation of Definition \3. 1\ fix any c G R satisfying the condition of 
Lemma \3.(h Then 

r(R,<p) = Y,r ((cR) 1/pne ). 

n>0 

Here cfP is defined to be the identity map R — ► R. 

Proof. Certainly the sum ^ n>0 4> n ((c-R) 1//p " e ) is the smallest ideal J C R both containing 
c and such that 0(J 1 / pE ) C J. On the other hand, if I C R is any nonzero ideal such that 
0(I 1/,pe ) C J, then Lemma 13.61 implies that c£ J. This completes the proof. □ 

*Exercise 3.9. [Sch09a, Proposition 4.8] Prove that r(R,<p) = r(R,(f) m ) for any integer 
m > 0. 

Hint: The containment C should is easy. For the other containment, use a clever choice of 
an element from Lemma [ 
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Exercise 3.10. Suppose that W is a multiplicative system in R. Let (ft G Hoin^i? 1 /^, R) 
and consider the induced map 

(W"V) G Hom w -i i j((W/- 1 J R) 1 /P e ,^ 1 i?). Then show that 
W~ x t{R,<I>) = 7-(W -1 12, W _ V)- 

Hint: Suppose that c G R comes from Lemma 13.61 Prove that c/1 £ W~ 1 R also satisfies 
the condition of Lemma 13, 61 for W~ l (ft. 

We conclude with an algorithm for computing the test ideal of a pair (R, (ft) . 

Exercise 3.11. [Kat08] Choose c satisfying Lemma 13, 61 for a non-zero (ft £ Hom/j(i2 1//pe , R) 
(finding such a c can be quite easy, as explained in the proof of Lemma I3.6f) . Consider the 

following chain of ideals. Jo = cR, J\ = Jo + (ft{J^ P ), and in general J n = J n -i + <ft(Jn-i )■ 
Show that J n = r(i2, 0) for n S> 0. 

3.2. Test ideals of rings. As noted above, r(R, (ft) is depends heavily on the choice of (ft. 
To remove this dependence, one simply considers all possible (ft simultaneously. 

Definition 3.12. We define the test idea^ t{R) to be the unique smallest non-zero ideal 
J C R such that ^(J 1 /^) C J for all e > and all (ft G Hom^i? 1 /^, R). 

It follows from the definition that t(R, (ft) C t(R) for any choice of (ft G Hom^(i? 1 / pE , i?). 

Exercise 3.13. [HH901 Theorem 4.4] Suppose that 5 = fcfci, . . .,x n ]. Prove that t(S) = S. 
Hint: Use the fact that S l / pB is a free S 1 - module to show the following: for any d G S, there 
exists an integer e > and (ft G Hom^S 11 /^ , S) such that (ft(d}l pe ) = 1. 

Again, it is not clear that r(i?) exists. 

Theorem 3.14. [HT04, Lemma 2.1] Fix any nonzero (ft G Hom^j(i? 1 / p , R) and any c G R 
satisfying the condition of Lemma \3. 6\ for (ft. Then 

r(i?)=EE^M 1/p6 )- 

e>0 t/> 

where the inner sum runs over 

Proof. The proof is essentially the same as in Theorem 13.81 and so is left to the reader. □ 

Exercise 3.15. cf. [LS01, Theorem 7.1(7)] Prove that for any given multiplicative system 

W, W~ 1 t{R) = t{W- 1 R). 

Hint: Mimic the proof of Exercise 13.101 

Remark 3.16. The result of the above exercise holds in much more general settings than we 
consider here. See [LSTTl] IAE03] . 

Exercise 3.17. |FW89j . |Vas98| . [SchlOa] Suppose that R is an F-pure ring. Prove that 
t(R) is a radical ideal and that R/t(R) is also F-pure. 

*Exercise 3.18. [BK05", Exercise 1.2.E(4)] Suppose that R is a reduced (possibly non- 
normal) ring and it! N is its normalization. The conductor ideal c C R is the largest ideal of 
i? N which is also simultaneously an ideal of R (it can also be described as Ann^j(i? N /i?)). 
Show that t(R) C c. 

Hint: Show that (ft{t l /P e ) C c for all (ft G Hom^i? 1 /^, R) and all e > 0. 

We conclude this section with a theorem which characterizes when t(R) = R. 



Strictly speaking, if we follow the literature, t(R) is traditionally called the big test ideal or the non-finitistic 
test ideal and often denoted by T b (R) or t(R). 
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Theorem 3.19. Suppose R is a domain essentially of finite type over a perfect field k. Then 
we have t(R) = R if and only if for every ^ c G R, there exists an e > and an R-linear 
map (j): R}l p£ — >• R which sends c 1//pE to 1. 

Proof. We leave it to the reader to reduce to the case where R is a local ring with maximal 
ideal m. First suppose that t(R) = R. Choose a non-zero c G R and consider the ideal 
Se>o Si/> ((cR) 1 ^") where the inner sum runs over tp G Hom/j(i2 1 / pE , R). Since r(R) = R, 
this sum must equal R as the sum is clearly compatible under all tp. Therefore, since R is 
local, there exists an e with rp {{cR) l / p ") £ m and so 1 G ip ((cF) 1 /^). Thus 1 = ip((cd)^ pe ) 

for some d G R and so by setting <p( ) = ip(d 1 / pe ■ ) we have 1 = <j){c l l pe ) as desired. 

Conversely, suppose that the condition of the theorem is satisfied. It quickly follows that 
every non-zero ideal J which is (^-compatible for all cf> : F 1//pE — > R and all e > 0, satisfies 
1 G J. Thus t(R) = R. □ 

Definition 3.20. A ring R for which t(R) = R is called strongly F-regular. 

Theorem 3.21. [HH89] A regular ring R is strongly F-regular. 

Proof. Left as an exercise to the reader (cf. Exercise 13. 13j) . □ 

Exercise 3.22. [HH90, HH94] Prove that a strongly F-regular ring is Cohen-Macaulay. 
Hint: Reduce to the case of a local ring (F,m) and find a non-zero element c G R which 
annihilates F^(F) for all i < dimF. Now apply the functors H^(-) to the homomorphism 
R — > R 1 /'^ which sends 1 — > c l / p£ . Finally, apply the same functors to a map 
which sends c l l pe to 1. Finally, use the criterion for checking whether a ring Cohen-Macaulay 
found in Appendix [A] fact (iv). 

Exercise 3.23. [HH94] Suppose that R C S is a split inclusion of normal domains where S 
is strongly F-regular {e.g. if S is regular). Show that R is also strongly F-regular and in 
particular Cohen-Macaulay. 

3.3. Test ideals in Gorenstein local rings. Consider now that the ring R has a canonical 

module ujr. Applying the functor Hom^( , ujr) to the natural inclusion R C R l / p£ , yields a 

map 

Rom R (R 1/p \uj R ) -> ujr . 

Now, by Theorem IA. 81 we have Hom^(i? 1//pE , ujr) = u)ri/ p £ = {^r) 1 ^" ■ Thus the map above 
may be viewed homomorphism 

<f> e R : uj R /p£ -> ujr . 

In a Gorenstein local ring ujr = R, and so we have a nearly canonical map $r : R l ' pe -> R. 

Setting. Throughout the rest of this subsection, we will assume that R is a Gorenstein^ 
local domain essentially of finite type over a perfect field k, and the map is 
as described above. 

Lemma 3.24. |Sch09al Lemma 7.1] cf. [CSM Example 3.6] The R-linear map R 1/pC -)■ 
R generates Hom/j(F 1 / pe , Ft) as an R 1 ^" -module. 

Proof. Left to the reader. □ 



^Everything in this subsection can be immediately generalized to any ring satisfying ujr — R, a condition 
sometimes called quasi-Gorenstein, or 1-Gorenstein. It is possible to generalize many of the results in this 
setting to the Q-Gorenstein setting as well. See Appendix |X] for additional definitions. 
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Remark 3.25. When one identifies R with ur, there is a choice to be made. In particular, 
using the above definition, & R is not canonically determined in an absolute sense. Rather, 
€ Hom^(i? 1//pe , R) is uniquely determined up to multiplication by a unit in i? 1//p< \ Using 
the Cartier operator, however, it is possible to give a more canonical construction of & e R . See, 
for example [BK05], where & R is called the trace. 

Exercise 3.26. Suppose that S = k[x%, . . . ,x n ] where k is a perfect field and consider the 
S'-linear map S 1 ^ pe —> S which sends (x\ . . . x n )( pe ~ 1 ^ pe to 1 and all other monomials of 

the free basis {x^ 1//p . . . xj"^ }o<Ai<p e -i to zero. Show that \£ generates Horns (S 1 1 /p " , S) as 
an S-module, and thus that \& may be identified with 

At first glance, writing <& R might seem in conflict with the exponential notation introduced 
in Lemma 13.61 However, it is not difficult to verify that - up to multiplication by a unit as 
in Remark 13.251 - one has (<S> R ) e = See [Kun861 Appendix F] or jSch09al Lemma 3.9, 
Corollary 3.10] for further details. 

Theorem 3.27. Suppose that R is Gorenstein and local and that $> R is as above (for any 
e>0). ThenT(R) = t{R,$ r ). 

Proof. Certainly t(R, & r ) C t(R) since t(R) is certainly (^-compatible. For the converse 
inclusion, first note that by Exercise 13.91 T (R> = T (R, ®r) f° r an y integer d > 0. So 
consider now some (f> : F?R -»■ R. We know we can write 0(_J = <5> d R {c l / pd ■ _) for some 
element c € R 1 /^ . Thus 

<P(r(R,^ R ) 1/pd ) = ^{c^riR, C ^(riR,^) 1 ^) C t(R,<S> r ) = t(R,$ r ) 

and so t(R) C t(R, $ e R ) as desired. □ 

Philosophical statement 3.28. The previous theorem motivates the study of test ideal pairs 
t(R,4>). For example, consider the following situation. Suppose that R is a non-normal 
Gorenstein domain and that i? N is its normalization. By applying Exercise 13.181 it can 
be shown that every i?-linear map eft: R 1 ^" — > R extends (uniquely) to a ii N -linear map 
0: {R^y/P* -»• R N (for details, see |BK05l Exercise 1.2.E(4)]). 

In particular, <& R : R l / pa — > R extends to a map <& R on the normalization as asserted 
above. However, even in the case where i? N is Gorenstein, <fr R is almost certainly not equal 
to & r n- Nevertheless, it may still be advantageous to work on i? N , and the following exercise 
shows that t(R) can be computed on the normalization. 

*Exercise 3.29. Suppose that R is Gorenstein and i? N is its normalization (which is not 
assumed Gorenstein). Fix <fr e R as above, show that r(i? N , & e R ) = t(R). 

4. Connections with algebraic geometry 

In this section we explain the connection between the test ideal and the multiplier ideal, a 
construction which first appeared in complex analytic geometry. We assume that the reader 
already has some familiarity with constructions such as divisors on normal algebraic varieties, 
a resolution of singularities, and the canonical divisor. Note that we have provided a brief 
review of divisors in Appendix |B1 aimed at those mainly familiar with algebraic techniques. 
Further references for this section include [Kol97| . [Laz04| or |BL04] (the latter giving a 
particularly satisfying introduction to multiplier ideals). Again, we remind the reader that 
the material in this section is not required to understand the sections that follow. See also 
Section [6l 

Setting. Throughout this section, let Ro be a normal domain of finite type over C, and let 
Xq = Spec Rq denote the corresponding affine algebraic variety. 
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4.1. Characteristic preliminaries. Before defining the multiplier ideal, we say a brief 
word about the type of resolution of singularities we consider. 

Definition 4.1. Suppose that Y is a variety defined over C. A proper birational map 
7r : Y' — >■ Y is called a log resolution of singularities for Y if tt is proper and birational and 
Y' is smooth and exc(7r), the exceptional set of tt, is a divisor with simple normal crossings 
(see Definition IB. 51 in the appendix). Given a closed subscheme Z C Y, tt is called a log 
resolution of singularities for Z C Y if 7r is a log resolution of singularities for Y and if both 
7r _1 (Z) and 7r _1 (Z) U exc(7r) are divisors with simple normal crossings. 

We first define the multiplier ideal of Rq in the case that Rq is Gorenstein. Let tt : Xq — > Xq 
be a log resolution of singularities, and choose a canonical divisor on Xq, in other words, 

we choose a divisor Kg o such that 0^ o (K^ o ) = A dimXo f2^ , c . We then obtain a canonical 
divisor on Xo as follows. Set Kx to be the (unique) divisor on Xq which agrees with Kg 
wherever tt is an isomorphism. We now can define the multiplier ideal of Xq. 



Definition 4.2. Consider the module T \Xq, O^ (\K^ q — ir*Kx ~\)j • This module is called 
the multiplier ideal and is denoted by J{Xq). It is independent of the choice of resolution. 

Of course, it is natural to ask why this module is an ideal. However, set U = Xq \ exc(n) 
which is an open subset of both Xq and Xq (in fact, Xq \ U has codimension at least 2). We 
have the natural inclusion 



But (K^ q — tt*Kx )\u is zero, so the right side is just T (U, Ox ) = Ro because R is S2; see 
[Har77[ Chapter III, the method of Exercise 3.5] and I lar()7. Proposition 1.11]. 

The multiplier ideal has been discovered and re-discovered in many contexts. At least as 
early as [GR70], it was noted that J(Xq) is independent of the choice of resolution and might 
be an interesting object to study. Variants of the multiplier ideals described also appeared 
throughout the work of Joseph Lipman and others in the 1970's, see for example |Lip78| . 
However, multiplier ideals have been most useful in the context of pairs (definitions will 
be provided below) and first appeared independently in the works of Nadel [Nad89], from 
the analytic perspective, as well as Lipman |Lip94| , from the perspective of commutative 
algebra. However, the fundamental algebro-geometric theory of multiplier ideals was worked 
out even earlier without the formalism of multiplier ideals by Esnault-Viehweg in relation to 
Kodaira- vanishing and its generalization, Kawamata-Viehweg vanishing; see |Kaw82] . |Vie82] 
and [EV92J . 

Remark 4.3. Smooth varieties have multiplier ideal J(Xq) = Ox - The easiest way to see 
this is to simply take tt as the identity (in other words, take Xq as its own resolution). In 
general, the more severe the singularities of Xq, the smaller the ideal J{Xq) is. 

Example 4.4. Consider the following Xq = Spec C[x, y, z]/ (x 3 +y 3 + z 3 ) = Speciio- Because 
this is a cone over a smooth variety (an elliptic curve), it has a resolution Xq — > Xq obtained 
by blowing up the origin. We embed Xq C C 3 in the obvious way and blow up the origin in 
C 3 to obtain a log resolution tt : Y — > C 3 of Xq inside C 3 . 




r (X , O^K^ - tt*K Xo )) C r (U, Ox (Kz Q - n*K Xo )) 



Xq 



c 



Y 



7T 



{ pt }c ^ Xo t -c 3 . 
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Here E is the elliptic curve obtained by blowing up the cone point in Xo- We know Ky = 2F 
where F = is the exceptional divisor of n by [Har77l Chapter 8.5(b)], thus we set K C 3 = 0. 
It follows that Ky + Xq = 2F + Xq. On the other hand, we know tt*Xq = Xq + 3F, where 
the 3 comes from the fact that x 3 + y s + z 3 vanishes to order 3 at the origin (the point being 
blown- up). Therefore, 

Ky + X = 2F + X = tt*X - F. 

Now, X ~ in Pic(C 3 ) = 0, so tx*Xq ~ also. Thus Ky + X ~ —F and so by the 
adjunction formula (in the form of [Har77t Chapter II, Ex. 8.20]), 

Kx ~(K Y + X )\z o ~(-F)\z o ~-E. 

So we set Kji = ~^ anc ^ then see that the corresponding Kx = (since that is the divisor 
that agrees with ~ — E outside of exceptional locus). 

Therefore, (K^ — ir*Kx ) = Xq (—E). This sheaf can be thought of as the sheaf of 
functions in the fraction field of Rq which vanish to order 1 along E and have no poles. It is 
then clear that T (U, Ox ) is just the maximal ideal of the origin in Rq. 

Exercise 4.5. Compute the multiplier ideal of SpecC[a;, y, z]/(x n + y n + z n ) for arbitrary 
n > 1. 

4.2. Reduction to characteristic p > and multiplier ideals. We now relate the mul- 
tiplier ideal and the test ideal. We need to briefly describe reduction to characteristic p, a 
method of translating varieties in characteristic zero to characteristic p > 0. We make many 
simplifying assumptions and so we refer the reader to [SmiOlj , |HH06j , or [Hun96j for a more 
detailed description of the reduction to positive characteristic process in this context. 

Suppose that Xq = Specif = SpecCfxi, . . . , x n ]/I C C n . We write I = {fi, ■ ■ ■ , f m ) 
where the fi are polynomials. For simplicity, we assume that all of the coefficients of the 
are integers. We set R% to be the ring Z[xi, . . . , x n ]/(fi, . . . , f m ). For each prime integer p, 
consider the ring R p := Rz/pRz — (Z/pZ)[xi, . . . , x n ]/ {fi mod p, . . . , f m mod p) and the 
associated scheme X p = Spec_R p . The scheme X p is called a characteristic p > model for 
Xq, and for large p ^> 0, X p and Xq share many properties. For example, R p is regular 
for large p if and only if Rq is regular, [HH06] . Given an ideal Jo C R , we may also 
reduce it to positive characteristic by viewing a set of defining equations modulo p, to obtain 
an ideal J p (of course, J p might depend on the particular generators of J chosen in small 
characteristics). 

Remark 4.6. If the fi are not defined over Z, instead of working with R%, one should work 
with Ra = A[x±, . . . , x n ]/(fi, . . . , f m ) where A is the Z-algebra generated by the coefficients 
of the fi (and the coefficients of any other ideals one wishes to reduce to characteristic p > 0). 
Instead of working modulo prime integers, one should quotient out by maximal ideals of A. 



Containments and equality (or non-containments and non-equality) of ideals are preserved 
after reduction to characteristic p>0. By viewing finitely generated i?o-modules as quotients 
of R® n , one can likewise reduce finitely generated modules to positive characteristic. Maps 
between such modules can then be represented as matrices, which themselves can be reduced 
to characteristic p > 0, and properties of those maps, such as injectivity, non-injectivity, 
surjectivity and non-surjectivity are also be preserved for p 3> 0. In particular, if a map of 
modules is an isomorphism after reduction to characteristic p>0, then it is an isomorphism 
in characteristic^zero as well. 

Now, if 7r : Xq — > Xq is a resolution of the singularities of Xq obtained by blowing up 
an ideal Jo, then we may reduce Jo to J p , and then blow that up to obtain ir p : X p — > 
X p , which is also a resolution of singularities for all p ^> (of course, the existence of 
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resolutions of singularities for arbitrary varieties in characteristic p > is still an open 
question jAbh66l ICP081 ICP091 ICut09j ). Finally, the multiplier ideal J{X) p (the multiplier 
ideal reduced to characteristic p) coincides with the characteristic p > multiplier ideal 
J{Xp) := T(X p ,0^ {Kj£ — -KpKxp)) for p ^ 0. Again, we suggest the reader see [SmiOl] . 
[HH06], or [Hun96j for a much more detailed description of the reduction to characteristic 
p > process. 



Theorem 4.7. [SmiOOb, HarOlJ Suppose that Rq is a Gorenstein ring in characteristic with 
X = Spec.Ro- Then J(X ) p = t{X p ) for all p » 0. 

Proof. We will only prove the 3? containment. As above, we choose ir : Xq — > Xq to be 
a log resolution of singularities which we reduce to a positive characteristic resolution of 
singularities ir p : X p — > X p . We have the following commutative diagram of schemes in 
characteristic p > 



X n 



Xn 



x„ 



X n 



where the maps labeled F are the Frobenius maps. By duality, see Corollary IA.12|. we have 
the following diagram of obtained from canonical modules. 



T(X p , w?) 1 F(X P , vr*u;^ 



T(X p , uj Xp ) — -> r(x p , u Xp ). 

By working on a sufficiently small afhne chart, because Xq and thus X p is Gorenstein, we 
may assume that T(X p ,ujx p ) — Rp and thus assume that is the map <E>r p discussed in 
Subsection 13.31 

The image of the vertical maps is the multiplier ideal J{X p ) and so it follows from the 
diagram that the multiplier ideal is <3?#-compatible. Thus J(X P ) D t(R p ) as long as J(X p ) ^ 
by Theorem l3.271 But J(X V ) is non-zero because tt is an isomorphism at the generic points 
of X p and X p . □ 

*Exercise 4.8. While the result above holds for p 0, it does not necessarily hold for small 
p > 0. Consider the ring R = f^fx, y, z]/(z 2 + xyz + xy 2 + x 2 y). Verify the following: 

(1) R is F-pure (use Fedder's criterion). 

(2) it! is not strongly F-regular (show that t(R) = (x,y,z)). 

(3) The singularities of R can be resolved in characteristic 2 and furthermore, J{R) = R 
(use the method of Example 14.4ft . This is more involved. 

Also see [Art75j and [STlOal Example 7.12]. 

4.3. Multiplier ideals of pairs. We have so far only defined the multiplier ideal for a 
Gorenstein ring. We now consider a more general setting. 

Definition 4.9. Suppose that X is a normal variety of any characteristic. Then a Q-divisor 
A is a formal sum of prime Weil divisors with rational coefficients (in other words, a Q-divisor 
is just a divisor where we allow rational coefficients). A Q-divisor A is called effective if all 
its coefficients are positive. Two Q-divisors Ai and A2 are said to be Q-linearly equivalent, 
denoted Ai ~q A2, if there exists an integer n > such that nAi and nA% are linearly 
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equivalent Weil divisors. We say that a Q-divisor T is Q-Cartier if there exists an integer 
n such that nT is an integral Cartier divisor. In that case, the index of T is the smallest 
positive integer n such that nT is an integral Cartier divisor. See Appendix [B] for a more 
detailed discussion from an algebraic perspective. 

Instead of working with an arbitrary variety, one often works with a pair. 

Definition 4.10. A log Q-Gorenstein pair (or simply a pair if the context is understood) is 
the data of a normal variety X of any characteristic and an effective Q-divisor A such that 
Kx + A is Q-Cartier. A pair is denoted by (X, A). The index of (X, A) is defined to be the 
index of Kx + A. 

Remark 4.11. There are many reasons why one should consider pairs. Of course, you might 
be interested in a divisor inside an ambient variety, and pairs are natural in that context. 
Also, not all varieties are Gorenstein, and log Q-Gorenstein pairs have associated multiplier 
ideals (as we'll see shortly). Another reason that pairs occur is if one changes the variety. In 
particular, suppose that Y —> X is a morphism of varieties; for example, a closed immersion, 
a blow-up, a finite map, or a fibration. Then in many cases properties of X (respectively 
Y) can be detected by studying an appropriate pair (X, A) (respectively (Y,A)), see for 
example [KawDT] or |Kaw97| . However, many of the deepest applications of multiplier ideals 
of pairs are revealed by observing the behavior of the multiplier ideal as the coefficients of 
A vary. This is not a topic we will explore in this article. We invite the reader to see 
[Laz041 IEin97l IELSV04I ISTuT)5l ISiu09] for more background. 

Before we define the multiplier ideal, we first we state how to pull-back Q-Cartier divisors. 
Suppose that T is a Q-Cartier divisor on X and ir : Y — > X is a birational map from a normal 
variety Y. Choose n such that nT is Cartier and define 7r*r to be -iv*(riT). 

Definition 4.12. Suppose that (Xo,Aq) is a log Q-Gorenstein pair in characteristic zero. 
Set 7r : Xq — > Xq to be a log resolution of singularities of a pair (Xq, Aq) (in other words, we 
also assume that Supp(7r _1 Ao) U exc(-7r) is a simple normal crossings divisor). Consider the 

module T \Xq,O^(K^ — ir*(Kx + Aq))Y This module is called the multiplier ideal and 

is denoted by J(Xq, Aq). It is independent of the choice of log resolution. 

We say that (Xo,Aq) has log terminal singularities if J^(Xq, Aq) = Ox - For more about 
log terminal singularities, see [Kol97j and [KM98J. 

Exercise 4.13. Suppose that (Xq, Aq) is a pair where X is smooth and Ao has simple normal 
crossings support. Show that J"(Xo,Aq) = Ox (—[Aq\). 

Exercise 4.14. Suppose that Xq is smooth and that D is an effective Cartier divisor on Xq. 
Prove that J(X ,D) = Ox (-D). 

Hint: Use the projection formula, |Har771 Chapter II, Exercise 5.1(d)] 

4.4. Multiplier ideals vs test ideals of divisor pairs. Previously we considered test 
ideals of pairs (R, (f>) where R is a ring of characteristic p and cj) : R l / p£ — > R is an f?-linear 
map. We will see that this pair is essentially the same data as a log Q-Gorenstein pair (X, A). 

Setting. Throughout this subsection, R is used to denote a normal ring essentially of finite 
type over a perfect field of characteristic p > 0. Furthermore, X = SpecR. 

Suppose we are given a <j) 6 Horn^-R 1 ^ 6 , R). The module Hom/j(i? 1 / pe , R) is S2 both as 
an i?-module and as an i? 1 / p£ -module. Therefore it is determined by its localizations outside 
a set Z C X of codimension 2 (the singular locus), see [Har94, Theorem 1.12]. We set U 
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to be the smooth locus of X and consider the sheaf Jt?omo u (Ou P ,Ojj). Tensoring with 
Lxjjj = Ojj{Ku) and using the projection formula, we see that this module is isomorphic to 

JTomo,, (o\j pe ® 0u OuiKulOuiKu) 

^orao^Ouip'KulOuiKu))) 1 ^ 

Here the first isomorphism is due to the projection formula and the fact that (F e )*J£ = Jzf pC 
for any line bundle Jz? . The second isomorphism is Theorem IA.8I from the Appendix. The 
last isomorphism is just [Har77, Chapter II, Exercise 5.1(b)]. 

Because Hom^(i? 1//pe , R) is S2, it is determined on U, see |Har94l Theorem 1.12]. There- 
fore, 

Hom i? ( J R 1 /p e , j R) 

- r(c/,(o [/ ((i-p e )^ c/ )) 1 /p e ) 

- T(X,(O x ({l-p e )K x ))^ e ). 

Of course, (O x ((l -p e )K x )) l/pe is abstractly isomorphic to O x ((l - p e )K x ) 1/pe ■ Therefore, 
(ft may be viewed as a global section of 0x((l —p e )Kx)- In particular, by |Har771 Proposition 
7.7] which also works for reflexive rank-1 sheaves on normal varieties, (ft determines an effective 
divisor linearly equivalent to (1 —p e )Kx- Set 

A<a := — - — D A . 

p e - 1 

Exercise 4.15. If R = ¥ p [x,y], find (ft such that Aa is the sum of the two coordinate axes 
(in other words, that = div(xy). Find a (ft such that A^ = 0. 

It is straightforward check that there is a bijection between the following two sets, see 
[Sch09al Theorems 3.11, 3.13]. 

{Non-zero i?-linear maps 1 ( Effective Q-divisors A on 

(ft : F£R -> R up to \ < — ► < X = Spec R such that 
pre-multiplication by units. J [ (1 — p e ){Kx + A) ~ 0. 

*Exercise 4.16. [SchlOal Proof of Theorem 6.7], cf. IIVY02. Proof of the main theorem], 
Suppose that (ft : R 1 ^" — > R is a non-zero i?-linear map and that tt : X — > X = Spec R is a 
birational map where X is normal. Prove that (ft induces a map 

{O x (\Kx - n*(K x + A )])) 1/p£ O^Kz - tt*(K x + A+)]) 
which agrees with (ft wherever n is an isomorphism. 

Theorem 4.17. [Tak04b , Theorem 3.2] Suppose that Xq = Speci?o is a variety of finite type 
over C and that (Xq, Ao) is a log Q-Gorenstein pair. Then, after reduction to characteristic 
p S> 0, {J{Xq, Aq)) = t{X p , (f>A p ) where (ft& p is a map corresponding to A p as in (|4.15.ip 
above. 

Proof. We only briefly sketch the proof. By working on a smaller affine chart if necessary, 
we may assume that n(Kx + Ao) ~ for some integer n. We reduce both Xq and Ao (and 
a log resolution) to characteristic p and notice that if n(Kx + Ao) ~ 0, then that property 
is preserved after reduction to characteristic p 2> 0. Thus we may always assume that there 
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exists an e > such that (1— p e )(Kx p is Cartier. We set 4>a p to be a map corresponding 

to A p via (|4.15.ip above. 

Now use the exercise 14.161 above to show that J(Xq, Aq) p = J(X P , A p ) is 0-compatible. 
Thus the inclusion D is rather straightforward. The converse inclusion requires additional 
techniques that we won't cover here. □ 

Remark 4.18. While multiplier ideals are quite closely to test ideals, many basic properties 
which hold for multiplier ideals fail spectacularly for test ideals. For example, it follows 
immediately from the definition that every multiplier ideal is integrally closed (we suggest 
the reader prove this as an exercise). However, not every test ideal is integrally closed 
[McD03] and furthermore, every ideal in a regular ring is the test ideal of an appropriate pair 
t(R, (/)*), see [MY09J (here (R, (/)') is a pair as discussed in Section [6] below). 

5. Tight closure and applications of test ideals 

In this section we survey the test ideal's historic connections with tight closure theory. 
It is not necessary to read this section in order to understand later sections. We should 
also mention that as a survey of tight closure, this section is completely inadequate. Some 
important aspects of tight closure theory are completely missing (for example, phantom 
homology). Again, we refer the reader to the book [Hun96j or [BH98, Chapter 10] for a more 
complete account. 

Setting. In this section, all rings are assumed to be integral domains essentially of finite 
type over a perfect field of characteristic p > 0. 

Suppose that R C S is an extension of rings. Consider an ideal ICR and its extension 
IS. We always have that (IS) n R^> I, however: 

Lemma 5.1. With R C S as above and further suppose the extension splits as a map of 
R-modules. Then 

(is) n R = i. 

Proof. Fix 4> ■ S — > R to be the splitting given by hypothesis. Suppose that z G (IS) D R, 
in other words, z G IS and z G R. Write I = (xi, . . . , x n ), we know that there exists Sj G S 
such that z = H x i- Now, z = <p(z) = <fi SiXj) = ^ Xi<f>{sj) G I as desired. □ 

A converse result holds too. 

Theorem 5.2. [Hoc77j Suppose that R C S is a finite extension of approximately Gorenstei^ 
rings, a condition which every ring in this section automatically satisfies. If for every ideal 
I C R, we have IS H R = S, then R C S splits as a map of R-modules. 

Proof. See, [Hoc77j □ 

Consider now what happens if the extension R C S is the Frobenius map. Recall from 
Definition 12.111 that if / = (xi, . . . , x m ), then J^l = (x\ , . . . , xfn). It is an easy exercise to 
verify that this is independent of the choice of generators x%. 

Exercise 5.3. Notice that R is abstractly isomorphic to i? 1 / pE as a ring. Show that under 
this isomorphism, 1^ corresponds to the extended ideal I(R 1 / pB ) coming from R C R 1 /^ . 

Definition 5.4. Given an ideal I C R, the Frobenius closure of I (denoted I F ) is the set of 
all elements z G R such that z pB G 1^ for some e > 0. Equivalently, it is equal to the set of 
all elements z G R such that z G (IR l l p£ ) for some e > 0. 

''Nearly all rings in geometry satisfy this condition. Explicitly, a local ring (R, m) is called approximately 
Gorenstein if for every integer N > 0, there exists /Cm such that R/I is Gorenstein. 
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Remark 5.5. The set I F is an ideal. Explicitly, if z\,Z2 G I F , then zf G/M and 4 €/M. 
Notice that we may assume that a = b. Thus z\ + Z2 £ 1^. On the other hand, clearly 
hz\ G 7 for any h £ R. 

We point out a several basic facts about mostly for comparison with tight closure 
(defined below). 

Proposition 5.6. Fix R to be a domain and (xi, . . . ,x n ) = I C R an ideal. 
ii) i/' )'' /' • 

(ii) For any multiplicative set W , (W 1 I) F = W 1 (I F ). 

(iii) R is F-split if and only if I = I F for all ideals ICR. 

Proof. The proof of property (i) is left to the reader. For (ii), we note that (2) is obvious. 
Conversely, suppose that z G (W^lf, thus z p " G {W~ l I)^ = W" 1 ^ 1 )- Therefore, for 
some w G W, wz pB G which implies that {wz)P e G /[ p£ l and the converse inclusion holds. 
Part (iii) is obvious by Theorem 15.21 □ 

Now we define tight closure. 

Definition 5.7. [HH90] Suppose that R is an F-finite domain and / is an ideal of R, then 
the tight closure of I (denoted I* ) is defined to be the set 

{zeR\30^ceR such that cz pC G I [pe] for all e > }. 

It should be noted that tight closure is notoriously difficult to compute. For a survey on 
computations of tight closure (using highly geometric methods) we suggest reading [BHV08J. 
Also see Prn98llKat98UBre03|IBre05j . 

Proposition 5.8. Suppose we have an ideal (xx,... ,x n ) = I C R where R is an F -finite 
domain. 

(i) I* is an ideal containing I, [HH901 Proposition 4.1(a)]. 

(ii) (/*)* = I*, [HHMl Proposition 4.1(e)]. 

(iii) R is known that the formation of I* does NOT commute with localization, [BM10J. 
(iii') If I is generated by a system of parameters, then the formation of I* does commute 

with localization, [AHH93, Smi94j. 

(iv) Ifr(R) = R, then I* = I for all ideals I, |HH891 Theorem 3.1(d)]. 

(v) We always have the containment I* C I where I is the integral closure of I, [HH90 , 
Theorem 5.2]. 

Proof. For (i), suppose that cz' pE G 1^ and dy pB G 1^ for all e > for certain c,d£ R\{0}. 
Then cd(z+y) pE G I [pE] for all e > 0. Of course, clearly I* contains I (choose c = 1). Property 
(ii) is left to the reader. The proof of (iii) is beyond the scope of this survey, see [BM10J. The 
proof of (iii') can be found in [Smi94 where it is actually shown that tight closure coincides 
with plus-closure. 

For (iv), suppose that z G I* and t(R) = R. Choose c ^ such that cz p " G for all 
e > 0. We know that there exists an e > and (f> : R l l pe — >• R which sends c to 1. Write 
cz pB = a i x i ■ Then z = (p(cz p£ ) = ^ Xi<j){ai) G /. For (v) we give a hint in the form of a 
characterization of /. One has x G / if and only if there exists 7^ c G R such that cx n G I n 
for all n > 0. □ 

We now state some important additional more subtle properties of tight closure. 

Theorem 5.9. (cf. [ Hun96j . [BH981 Chapter 10], [SmiO!} Section 1.3] J 
Persistence: Given any map of rings R ^ S, I*S C (IS)* . 
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Finite extensions: If R C S is a finite extension of rings, then (IS) n R Q I* for all 

ideals ICR. Also see |Smi94| . 
Colon Capturing: If R is local and x\,... ,x^ is a system of parameters for R, then 

we have (x\, ... ,Xi) : R x i+ i C (x\, . . . ,Xi)*. 

Perhaps the most important open problem in tight closure theory is the following. 

Conjecture 5.10. R is strongly F -regular if and only if I* = I for all ideals I. 

Remark 5.11. A number of special cases of this conjecture are known; see [Hun96, Theorem 
12.2], [LS99] , [LSOT] . [AM99] and [Stu08| . One should note that the method of Lemma O 
immediately yields the (=/-) implication. 

In fact, one can also simply use tight closure of ideals to define a slightly different variant 
of test ideals. 

Definition 5.12. Suppose that R is a domain essentially of finite type over a perfect field. 
Define Tf g (R) to be H/crC : R ^*)- This ideal is called the finitistic test ideal or sometimes 
the classical test ideal. 

Remark 5.13. The definition of the test ideal in this article is non-standard. Normally 7f g (i?) 
is called the test ideal, while the ideal we denoted by t(R) is called the non-finitistic test 
ideal, or sometimes the big test ideal and is commonly denoted by r(R) or Tf,(R). It is hoped 
that these two potentially different ideals always coincide, see the conjecture below. However, 
even if they do not, there now seems to be consensus that the non-finitistic test ideal is the 
better notion. 

Conjecture 5.14. The ideals Tf g (R) and t(R) coincide. 

Exercise 5.15. cf. [LSOll Theorem 7.1(4)] Prove that t(R) C T ig (R). 

Exercise 5.16. [FW89, Proposition 2.5] Suppose that R is F-pure, show that T{g(R) is a 
radical ideal. 

5.1. The Briangon-Skoda theorem. Now we move on to one of the classical applications 
of tight closure theory, a very simple proof of the Briancon-Skoda theorem. 

Theorem 5.17. [HH90, Theorem 5.4] let R be an F -finite domain, and (u±, . . . , u n ) = I C R 
an ideal. Then for every natural number m, 

jm+n (2 jm+n—1 ^ ^J m ^* 

and so 

r(R)I m + n C T lg (R)I m+n C I m . 

This gives a particularly nice statement in the case that R is strongly F-regular (because 
t(R) = R). 

This proof is taken from [Hoc07J. For any y G jm+n—l^ we know that there exists / c £ i? 
such that cy l G (^jm+n—ly f or i > gee [HS061 Exercise 1.5]. Consider a monomial 
u\ x . . . where a\ + ■ ■ ■ + a n = l(m + n — 1)1. Write each dj = brf + r% where < rj < I — 1. 
We claim that the sum of the 6j is at least m, which will imply that the monomial is contained 
in (/ m )W for all I such that / = p e . However, if the sum b\ + ■ ■ ■ + b m < m — 1, then 
l(m + 71 — 1) = a i < K m ~ 1) + — 1) = K m + n — 1) — n < l(m + n — 1), which implies 
the claim. 

Thus cy pe G 1^ and so y G (I m )* as desired. □ 

Exercise 5.18. Following the method in the above proof, if a is an ideal generated by r 
elements, show that a rpe C a^la^' -1 ^ for all e > 0. 
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5.2. Tight closure for modules and test elements. 

Definition 5.19. Suppose that R is a domain and that M is an i?-module. We define the 
tight closure of in M, denoted 0^ as follows. 

0* M = {meM\30^ceR, such that = m <8> c 1/pE G M ® R R l / pS for all e > 0. } 
If 0* M = 0, then we say that is tightly closed in M. 

Remark 5.20. More generally, given a submodule N C M, one can define C M, the ii^/it 
closure of N in M. However, this submodule is just the pre-image of 0* M , N C M/N under 
the natural surjection M M/N, see |HH901 Remark 8.4]. 

It is known that a ring is strongly i^-regular if and only if is tightly closed in every 
module, [Hoc07j . By Remark 15.201 note that I* = I, if and only if 0* R ^j = 0. 
We conclude with one more definition. 

Definition 5.21. An element 7^ c G R is called a finitistic test element if for every ideal 
ICR and every z G I*, we have 

cz p " G I [p£] . 

An element 7^ c G R is called a f&igj iesi element if for every i?- module M and every 
z G 0* M , we have 

= z(8ic 1/pe eMt&RR 1 ^. 

Theorem 5.22. Suppose that c G R is chosen as in Lemma \3. 6\ for some non-zero R-linear 
map 6 : RVp* -> R. Then c is a finitistic test element and a big test element. 

Proof. First consider the finitistic case. 

Suppose that z G I*. Then there exists a 7^ d G R such that dz pe G /[ pe l for all e > 0. 
Fix <f) : R l / p — > ii. It follows from Lemma 13.61 that there exists an integer eo > such that 
</> eo (d 1 / pe °) = c. Applying e ° to the equation dz pe G /t pe ' for e > eo yields 

cz pe " e ° ef(jM)a[""°] 

Since this holds for all e > eo, we see that c is indeed a finitistic test element. 

We leave the non-finitistic case to the reader. It is essentially the same argument but 
instead one considers the map E <S># R 1 ^" — > E <S)r R = E which defined by z <8> d 1 ^" h-> 
z <8> 4>{d}l pe ) = cj)(d l l p£ )z where <f> : R}/ pe R is the map given in the hypothesis. □ 

*Exercise 5.23. [HH90 , |Hoc07j Show that Tf g (i?) is generated by the set of finitistic test 
elements. Even more, 

Tfg(.R) = { the set of all of the finitistic test elements of R} U {0}. 

Furthermore, show that r(R) is likewise generated by the big test elements of R. 
Hint: Suppose that z G I*, show that for every e > 0, z pS G (1^)* . 

Remark 5.24. Test ideals are made up of test elements, or those elements which can be used 
to test tight closure containments. This is the etymology of the name "test ideals" . 

Exercise 5.25. Suppose that (R,m) is a local domain and E is the injective hull of the 
residue field R/m. Show that 0^ is the Matlis dual of R/t(R). 

Hint: Choose an element 7^ c G R satisfying the conclusion of Lemma 13.61 Show that 

0^ = p| ker [E -> E ® R 1/p ^ 

e>0 

where the maps in the intersection send z 1— > z <X> c 1//p< \ Show that this intersection is the 
Matlis dual of the construction of the test ideal found in Theorem 13. 141 See Appendix lAl for 
Matlis Duality. 
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6. Test ideals for pairs (R, a*) and applications 

As mentioned before, many of the most important applications of multiplier ideals in 
characteristic zero were for multiplier ideals of pairs. Another variant of pairs not discussed 
thus-far in this survey is the pair (Ro, a ) where Ro is a normal Q-Gorenstein domain of finite 
type over C, do is a non-zero ideal and t > is a real number. The associated multiplier 
ideals J^Spec Ro, Oq) are important in many applications and have themselves become objects 
of independent interest, see for example [Laz04] and |LL07| . Inspired by this relation, N. 
Hara and K.-i. Yoshida defined test ideals for such pairs. They also proved the analog of 
Theorem 14.171 showing that the multiplier ideal coincides with the test ideal after reduction 
to characteristic p S> 0. 

Setting. In this section, unless otherwise specified, all rings are assumed to be integral 
domains essentially of finite type over a perfect field of characteristic p > 0. 

6.1. Initial definitions of a*-test ideals. We now show how to incorporate an ideal a 
and coefficient t G Q>o into the test ideal. An important motivating case is when R is in 
fact regular; in this situation, one should think of this addition as roughly measuring the 
singularities of (a multiple of) the closed subscheme of Spec(i2) defined by a. 

Definition 6.1. [HY03], [Sch08] Suppose that R is a ring, let o C R be a non-zero ideal, 
and t G Q>o- We define the test ideal t(R, a*) (or simply r(o*) when confusion is unlikely to 
arise) to be the unique smallest non-zero ideal J C R such that ^>((a^ < - pe_1 ^ J) 1 / pE ) C J for 
all e > and all <j> G Hom^i? 1 /^, R). 

Remark 6.2. In other words, T(R,a t ) is in fact the unique smallest non-zero ideal which is 
^-compatible for all <p G ( a Mp e -i)l )i/p e . Hom^i? 1 /^, R) and all e > 0. A gain, it is unclear 
that a smallest such non-zero ideal exists. 

Remark 6.3. As in previous sections, N. Hara and K.-i. Yoshida's original definition was the 
finitistic test ideal of a pair. In particular, they defined Tf g (i?, a*) to be (~)jcr(I '■ I* a ) where 
7* a * is the o*-tight closure of I, see Definition 16.131 below. These two ideals are known to 
coincide in many cases including the case that R is Q-Gorenstein. 

Theorem 6.4. [HT04J Suppose that R is a ring, a C R is a non-zero ideal, and t G Q>o- 
Then, for any non-zero c G r(R,ip), we have 

^^) = EE^( caWpe_1)1 ) 1/pe ) 

e>0 <f> 

where the inner sum runs over (j) G Horri^i? 1 /^, R). More generally, the above equality 
remains true if c is replaced by any non-zero element of T(R,a t ). 

Proof. This is left as an exercise to the reader. For a hint, reduce to the case of Lemma 
I3T61 □ 

Exercise 6.5. |HY03l Remark 6.6] Suppose that R is a ring, ai, . . . , ajt C R are non-zero 
ideals, and t\,...,% G Q>o- Imitating the above result and its proof, show that one can 
define a test ideal r(o^02 2 • • • a£) as the unique smallest non-zero ideal J C R such that 



(01* 



\ i=i 

for all e > and all G Hoiiir^ 1 ^, R). 
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The following property of test ideals was inspired by analogous statement for multiplier 
ideals. 

Theorem 6.6. [MTW051 Remark 2.12], [BMS081 Corollary 2.16], [BSTZ101 Lemma 3.23] 
Suppose that R is a ring, a C R is a non-zero ideal, and s,t G Q>o- If s > t, then r(a s ) C 
r(a ). Furthermore, there exists e > suc/i i/mf r(o s ) = r(a ) /or a// s G [i,t + e]. 

Proo/. If s > i, then (a^-m )Vp e c ( a Wp e -i)l )1/p £ an d the first statement is left as an 
exercise to for the reader. For the second statement, choose non-zero elements c G t(R, a' +1 ) 
and x G a. Using the Noetherian property of R with Theorem 16.41 above, there exists an 
N > such that 

N 

^^) = EE^( c ^ (p£_1)1 ) 1/pe ) 

e=0 <t> 

where the inner sum runs over all (f) G Hom/j(i? 1 / pE , P). Let e = , so that xa^^ pe_1 ^ C 
a r(t+e)( P e -i)l for a n o < e < iV. Thus, we have 

r(P,a*) C^^^Cca^)^- 1 )!) 1 /? 6 ) = T ( J R,a* +£ ) 

e>0 

as desired. □ 

Definition 6.7. |TW04j . [MTW05j . [BMS08j A positive real number £ is called an F -jumping 
number of the ideal a if t(o^) ^ r(o^ _<E ) for all e > 0. If R is strongly P-regular, then the 
smallest P-jumping number of o is called the F-pure threshold of a. 

Remark 6.8. The P-jumping numbers were introduced as characteristic p > analogs of 
jumping numbers of multiplier ideals in characteristic zero, [ELSV04] . We point out that a 
great interest in P-jumping numbers has revolved around proving that the set of P-jumping 
numbers form a discrete set of rational numbers. See [Har06l IBMS081 IBMS091 IKLZ091 ITT081 
ISTO^lBSTZTOllSchllaj . 

Theorem 6.9. [HY03| Suppose that R is a ring, a, b C R are non-zero ideals, and s,t G Q>o- 

(i.) If a C b, then r(a t ) C r(b*). Furthermore, if a is a reduction of b (i.e. a = b), then 
r(a*) = r(b*). 

(ii.) We have a r(b s ) C r(ab s ) with equality if a is principal. In particular, if R is strongly 

F -regular, then a C r(a). 
(Hi.) (Skoda) If a is generated by r elements, then r(a r b s ) = ar(a r ~ 1 b s ). 

Proof. The proof is left as an exercise to the reader. As a hint for (Hi.), using Exercise 15. 18| 
we have 

ca r a r(p e -l) = ca r P e = ca [ P E ] a (r-l) P E = a [p e ] ca r-l a (r-l)(p e -l) _ 
Then manipulate 

r(a r b s ) = ^^0((co r o r(pe - 1) b rt(pe - 1)1 ) 1/pe ). 

e>0 (j> 

□ 

*Exercise 6.10. [HY03, Theorem 2.1] [HT041 Theorem 4.1] If a has a reduction generated 
by at most r elements, show that r(a 4 ) = aT(a* _1 ) for any t > r. In particular, r(a ) = 
a h ~ r+1 r(a' r_1 ) C a h ~ r+1 C a for any integer h>r. 

Exercise 6.11. [HT04, Proposition 3.1], cf. [SchlOaj For any multiplicative system W, prove 
thatW~ 1 r( y R,a t ) = T(W- 1 R,(W- 1 a) t ). 
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Remark 6.12. While the above exercise was first stated as Proposition 3.1 in [HT04], the 
proof provided therein is not sufficient. In particular, one needs the existence of a "test 
element" that remains a test element after localization. See Remark 13.71 However, once one 
uses Lemma 13.61 to construct such a test element, the proof in [HT04J goes through without 
substantial change. 

6.2. a'-tight closure. 

Definition 6.13. Suppose that R is a ring a C R is an ideal and t G Q>o- For any ideal I 
of R, the a 1 -tight closure of I (denoted I* at ) is defined to be the set 

{z e R\3Q=£c£ R such that ca^'^z^ e I lpe] for all e > }. 

See Definition 12.111 for the definition of 1^. 

Exercise 6.14. |HY03] Show that I* a is an ideal containing /, and that t(R, a*) I* a< C / 
for all I. 

Exercise 6.15. |HY03t Proposition 1.3(4)] If o is a reduction^ of b, prove 

j*a = j*b for all 

t g Q>o- 

Exercise 6.16. In the definition of I* nt -tight closure, demonstrate that the containment 
ca^ pe ~ 1 ^z pe G /l pe ] may be replaced by the containment cc^ tp "^z pe G 1^ or the containment 
ca^ pe -^z pe G 1^ without change to In fact, the original definition of I* at was the 

former of these, see |HY03j . 

Exercise 6.17. [Sch08] Show that r fg (a*) := ClicR^*^ : I) coincides with the set of c G R 
satisfying the following condition: whenever z G /* a ' , then co^^ pe_1 ^z pe C 1^ for all e > 0. 
Hint: Show that if z G I* a \ then for every e > 0, a^'^z^ C (j[P e ])*°*. 

Remark 6.18. Note when a = R, we recover the original definition of tight closure. In general, 
while there are many similarities between tight closure and a*-tight closure, there are some 
very important differences as well. In fact, a*-tight closure fails to be a closure operation 
at all: in many cases (I* a )*° is strictly larger than I* a (in other words, the operation is 
not idempotent). However, if a is primary to a maximal ideal, A. Vraciu has developed an 
alternate version of a*-tight closure which shares many aspects of the same theory but which 
is idempotent, see |Vra08| . 

Exercise 6.19. If R is strongly F-regular and a is a non-zero principal ideal, show that 
j*a _ j . a £ or a Y[ ideals /. Use this to produce an example where (I* a )* a is strictly larger 
than I* a \ 

6.3. Applications. The test ideal t(o*) of a pair was introduced because of the connection 
between t(R) and J{X$ = Spec.Ro) discussed in Section [H In particular, working in char- 
acteristic zero, many of the primary applications of multiplier ideals involved pairs of the 
form (Xo,Oq), or more generally (Xo,o()b§). One such formula is the subadditivity formula, 
see [DEL00, Mus02j . In [Tak06j , S. Takagi proved analogous results for the test ideal. In 
fact, Takagi was able to prove subadditivity formula on singular varieties (for simplicity, we 
only handle the smooth case below). Using reduction to characteristic p > 0, one can then 
obtain the same formula for multiplier ideals, thus obtaining a new result in characteristic 
zero algebraic geometry. Very recently, E. Eisenstein obtained a geometric characteristic- zero 
proof of the results for singular varieties [EislOj . 

6 Again, an ideal o C b such that a = b. 
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*Exercise 6.20. [Tak06, Proposition 2.1] Given ideals a, b C R and numbers s,t € K>o> 
prove that I* a r(crV) C I r(b s ) for any ideal ICR. 

Theorem 6.21. [Tak06, Theorem 2.7] (Subadditivity) Suppose R is a regular local ring, and 
a, b are ideals in R. For any s,t G Q>o, we have 

r(aV) C r(a*)r(b s ) . 

If instead R is of finite type over a perfect field k but is not assumed to be regular, then still: 

a^AMaV) C r(a>(b s ) , 

where 2{R/k) is the Jacobian ideal of R over k, see |Eis95t Section 16.6]. 

Proof. We only prove the first statement. Fix ^ c G r{a t b s ) C r(o*) H i~(b s ). From 
Exercise 16.201 we have C r(a*)r(b s ). To finish the proof, it suffices to show 

that r(a*)* a< = R. For all i/> G Hom^i? 1 /^, i?), we know ^((co^- 1 ^) 1 /?") C r(o*). Thus, 
using Exercise 12.13} we see ca^^"" 1 ^ C r(a*)^ for all e > 0. In particular, this shows 
1 G r(a*)* a as desired. □ 

Corollary 6.22. [Tak06, Theorem 0.1] Let Xq = Spec.Ro be a normal Q-Gorenstein variety 
over C and let ^(Rq/C) be the Jacobian ideal sheaf of X over C. Let Oo, bo G 0v o ^ e 
non-zero ideal sheaves and fix real numbers s,t > 0. T/ien 

a(i?o/C)J(X ,a bg) C J(X ,a ).7(X ,bg) . 

Proof. This follows via reduction to characteristic p > 0, see Subsection 14.21 Apply Theorem 
16.211 and an analog of Theorem 14.171 which can be found in [HYP 3\ Theorem 6.8]. □ 

We now discuss another application of the subadditivity formula for test ideals: the growth 
of symbolic and ordinary powers of an ideal. Recall that the n-th symbolic power of an ideal 
a C R is given by a^ n ^ = (a n PF _1 R) D R, where W C R is the compliment of the union of the 
associated primes of o. In the case that a is a prime ideal, coincides with the o-primary 
component of a n . 

Theorem 6.23. |HH02j . cf. [ELSOll lHH07l ITY08j Let (R,m) be a regular local ring with 
infinite residue field R/m. Let a be any non-zero ideal of R and let h be the maximal height 
of any associated prime ideal of a. Then a^ hn ^ C o n for all integers n > 1. 

Proof. Since R is regular (and hence also strongly F-regular) , using subadditivity (and The- 
orem [631 (Hi-)) we have 




for all integers n > 0. Thus, it suffices to check that r((a^ n - ) ) 1//n ) C a^ 1 ^ = o, which may be 
done after localizing at each associated prime p of o. Since R v has dimension at most h and 
infinite residue field, every nonzero ideal of Rp has a reduction generated by no more than h 
elements, [HS06, Proposition 8.3.7, Corollary 8.3.9]. Thus, since oS hn ^Rp = a hn R p , we have 
(using Exercises 16.101 and I6.1ip 

r(R, (a^) 1 /")^ = t(R v , (a hn R p )^ n ) = T(R p ,a h R v ) C aR p 

and we conclude that a> hn > C a n for all n > 0. □ 

*Exercise 6.24. Modify the proof of Theorem 16.231 to show the stronger statement a^ kn ^ C 
( fl (fc-A+i))n f or a n k>n. 
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7. Generalizations of pairs: algebras of maps 

In this short section we discuss a common generalization of the pairs (R,<fi) and (R, a*) 
previously introduced. In fact this generalization encompasses all studied types of pairs, 
triples, etc. This idea has also been generalized to modules in |Bli09] although we will not 
work in that generality. 

Setting. In this section, unless otherwise specified, all rings are assumed to be integral 
domains essentially of finite type over a perfect field of characteristic p > 0. 

Fix a ring0 R and set c € e = Hom^i? 1 /^ , R) . The test ideals and related notions such as im- 
purity and .F-regularity are detected by looking for Frobenius splittings and similar special 
elements of c € e for various e > 0. Fundamentally, all pairs we have previously considered 
restrict the potential elements of c € e . We abstract the idea of restricting potential elements 
of c € e as follows. 

Consider now the Abelian group 

^ = 0^ = Hom /? (i? 1 /p e , R) 

e>0 e>0 

We can turn this into a non-commutative N-graded algebra by the following multiplication 
rule. For a6^ e and E % we define 

a ■ P := (a o ^ : R 1 ^ -> R\ € % +e . 
Explicitly, /3 1 / pC is the i? 1//pe -linear map R l /P d+e — > R 1 /^ defined by the rule 




We then compose with a map a : i? 1//pE — >• R to obtain a ■ (3. 

We call ^ the complete algebra of maps on R. Notice that ^ is not commutative (and % 
is not even central). Even more, this algebra is not generally finitely generated [KatlOj . 

Remark 7.1. Suppose for simplicity that (R, m) is local. The algebra ^ is, up to some choices 
of isomorphism, Matlis dual to ^(E), the algebra of (iterated-)Frobenius actions on E, the 
injective hull of the residue field R/m. See [LS01| . 

Definition 7.2. [Sch llbl Section 3] An (algebra-)pair (R, @) is the combined information 
of R and a graded-subalgebra & C ^ such that % = c € a = Rom R (R, R) = R. 

Example 7.3. Suppose R is a ring and a C R is an ideal. Then for any real number t > 0, 
we can construct the submodule 

^ e := ( a r*( P e -i)l)i/ P e . % = (y^-l)!)!/^ . RomniR 1 ^, R)) . 

e>0 

One can verify that (J) e>0 forms a graded subalgebra which we denote by < rf' I \ 

Exercise 7.4 (Different roundings and algebras). Prove that ^ a is indeed a graded subalge- 
bra of c € . Give an example to show that (B e >o( a ^ pe_1 ^ ' is n ot a graded subalgebra 
but e >o( aripel ) 1/pe • ^ is (although its first graded piece is not necessarily isomorphic to 
R). 

Example 7.5. If one fixes a homogeneous element (j) € ^ e for e > 0, then one can form the 
algebra (<fi) = © n>0 (f) n R 1 ^ pne Q which is just the subalgebra generated by and </>■ 



In fact, M. Blickle has shown that the theory below can be extended F-finite rings without which may or 
may not be reduced, |Bli09] . 
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Definition 7.6. Given a pair (R, S>), an ideal / C R is called ^-compatible if <t>(I 1/p °) C I 
for all (^Gf e and all e > 0. 

Definition 7.7. [Schllbl Definition 3.16] The big test ideal t{R,9) of a pair (R,@), if it 
exists, is the unique smallest ideal J that satisfies two conditions: 

(1) J is ^-compatible, and 

(2) J + {0}. 

Exercise 7.8. [Schllb] Suppose that £F has a non-zero homogeneous element <f> G e > 0. 
Prove that t(R, Qi) exists by using Lemma 13.61 

Exercise 7.9. [Schllb] Suppose that (R, a*) is a pair as in Section [H Prove that t(R, tf a ) = 
t(R, a'). Further show that if <f> £ ^ e is non-zero, then t(R, ((/>)) = t(R, <fi). 

Algebras of maps appear very naturally. For example, suppose that R is a ring and ^r is 
the complete algebra of maps on R. Suppose that / C R is a ^-compatible ideal (such as 
the test ideal t(R) or the splitting primqj & of [A"E05j.). One can then restrict each element 
of 'Wr to R/I. This yields an algebra of maps &rh = ^r\r/i which may or may not be equal 

Exercise 7.10. [Sch09a] With the notation above, suppose that R is Gorenstein and local. 
Prove that the algebra S^r/i is equal to (cfr) for some <f> E ^r/j- 

One can define F-purity for algebras as well. 

Definition 7.11. Suppose that (R, S>) is a pair. Then the pair is called sharply F-pure 
(or sometimes just F-pure) if there exists a homogenous element <ft S 3t e , e > such that 
i.e. <ft is surjective. 

Exercise 7.12. jSchllbj . cf. [BB09al lBn09] Prove that for a sharply F-pure pair (R,@), 
t{R, defines an F-pure subscheme and so in particular is a radical ideal. 

The following theorem is an application of this approach of algebras of pairs. 

Theorem 7.13. [Schllb] (cf. [SSTUl IdTHOQ] ) Suppose that (R, 3)) is a pair (i.e. 9 = <€). 
Then 

t{R,9) = Y j Y, t ^)- 

e>0 4>£@ e 

If R is additionally normal, then this also equals Y^ e >o X^es? e r (-^o A</>)- 

For non-Q-Gorenstein normal varieties Xq over C, de Fernex and Hacon have defined a 
multiplier ideal J(Xq) [dFH09j . Furthermore, 

J(X )= Yl J(Xo,A Q ). 

K Xq + A 
is Q-C artier 

It is therefore natural to conjecture following. 

Conjecture 7.14. Given a variety Xq = Speci?o in characteristic zero, we have t{R p ) = 
J{Xq) p for all p ^> (here the subscript p denotes reduction to characteristic p > as in 
Subsection \4.2\ ). 

Work of M. Blickle implies that this conjecture holds for toric rings, [Bli04j. 

^In an F-pure local ring, the splitting prime is the unique largest ^-compatible ideal not equal to the whole 
ring. 
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Remark 7.15. For other applications, it is likely important that one has a good measure 
of the finiteness properties of the given algebra 2$. One very useful such property is the 
Gauge-Bounded property introduced in [51109 ] . cf. [AndOOj . This property is quite useful for 
proving questions related to the discreteness of F-jumping numbers, see Definition 16.71 

8. Other measures of singularities in characteristic p 

So far we have talked about test ideals, F-regularity and F-purity. In this section we 
introduce several other ways to measure singularities in positive characteristic. For a more 
complete list, please see the appendix. 

First we introduce two other classes of singularities. F-rationality and F-injectivity. 

8.1. F- rationality. 

Setting. In this subsection, unless otherwise specified, all rings are assumed to be integral 
domains essentially of finite type over a perfect field of characteristic p > 0. 

Definition 8.1. Suppose that R is a normal Cohen-Macaulay ring and that <£/j : u R i/ p = 
F*ojR — > cor is the canonical dual of Frobenius, see Theorem IA.8I We say that R has 
F-rational singularities if there are no non-zero proper submodules M C ujr such that 
$r(F*M) C M. 

*Exercise 8.2. The hypothesis that R is normal implied by the other hypotheses. Prove it. 

Exercise 8.3. [FW89] Prove that a strongly F-regular ring is F-rational and that a Goren- 
stein F-rational ring is strongly F-regular. 

Hint: For the first part, use Theorem 13.191 and apply the functor Hom/j( , wr). 

*Exercise 8.4. [Smi97] Recall that an integral domain Rq of finite type over C is said to have 
rational singularities if for a resolution of singularities ir : Xq — > Xq = SpecFo, tt^uj^ = ojx 
and Xq is Cohen-Macaula)Q. Now suppose we are given an integral domain Rq of finite type 
over C. Show that if R p has F-rational singularities after reduction to characteristic p ^> 
(see Subsection 14. 2p . then Rq has rational singularities in characteristic zero. 

Remark 8.5. The converse of the above exercise also holds, but the proof is more involved. 
See [Har98aj and |MS97| . 

We briefly mention the original definition of F-rationality. 

Theorem 8.6. A local ring (R,m) has F-rational singularities if and only if some ideal 
I = (xi, . . . ,x n ) generated by a full system of parameters satisfies 1 = 1* (here I* denotes 
the tight closure of I, see Section^). 

Proof See |FW89| or [BH981 Chapter 10]. □ 

8.2. F-injectivity. Now we move on to F-injectivity. 

Setting. In this subsection, unless otherwise specified, all rings are assumed to be reduced 
and essentially of finite type over a perfect field of characteristic p > 0. 

Definition 8.7. A local ring (R, m) is called F-injective if for every integer i > 0, the natural 
map Hf n (R) — > H^R 1 ^) is injective. An arbitrary ring R is called F-injective if all of its 
localizations at prime ideals are F-injective. 

Exercise 8.8. Suppose that R is Cohen-Macaulay and local. Prove that R is F-injective if 
and only if the canonical dual to Frobenius F^ojr — >• ujr is surjective. 



This isn't normally the definition of rational singularities, but is instead a criterion often attributed to Kempf, 
[KKMSD73I Page 50]. 
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Exercise 8.9. [Fed83] Prove that a Gorenstein ring is F-injective if and only if it is F-pure 
and that an F-pure ring is always F-injective. 

Exercise 8.10. |FW89j Suppose that (R, m) is a Cohen-Macaulay local ring and / € R is a 
regular element. Prove that if R/ f is F-injective, then R is F-injective. 
Hint: Using the criterion in Exercise 18.81 consider the diagram: 

xF.f 

*- F*u>R F^ujr *- l<*ujR/fP 5- 

P 

*- u R — ^— S- U)R >■ F*U) R /f >■ 

Show that /9 surjects, by considering the map F^ur/j — > F*lo r /j v . Now take the cokernels of 
the left and middle vertical maps and use Nakayama's lemma. 

Remark 8.11. It is an open question whether Exercise [8710] holds without the Cohen-Macaulay 
assumption. It is however known that the analog of Exercise 18.101 does not hold for F-pure 
rings in general, see |Fed83| and also [Sin99a| . One can ask the same question for strongly ir- 
regular and F-rational singularities, and the answers are no and yes respectively; see [FW89J 
and |Sin99bj . 

*Exercise 8.12. [SchlOal IKSSlOj IKSllj A normal Cohen-Macaulay ring R of finite type 
over C is called Du Bois if for some (equivalently any) log resolution of singularities tt : Xq — >• 
Xq = Spec.Ro with simple normal crossings exceptional divisor Eq, ir*u x (Eq) = ujx - Prove 
that if X p has F-injective singularities after reduction to characteristic p > 0, then Xq has 
Du Bois singularities in characteristic zero. 
Hint: Consider the diagram 

(^u; r yE p )y/P e >Wx v ( E p) 



where the horizontal arrows are the dual of the Frobenius map (see Subsection 13. 3p . 

Remark 8.13. The converse implication of the above exercise is false as stated, in fact that 
singularity ¥ p [x, y, z]/(x 3 + y 3 + z 5 ) is F-injective if and only if p = 1 mod 3. However, it is 
an important open question whether a Du Bois singularity is F-injective after reduction to 
characteristic p > for infinitely many primes p (technically, a Zariski-dense set of primes), 
this condition is called dense F-injective type whereas the original condition is called open 
F-injective type. Likewise, it is an open question whether a log canonical singularity is F-pure 
after reduction to characteristic p > for infinitely many primes p. 

*Exercise 8.14. [HW02] A log Q-Gorenstein pair (X, A) of any characteristic is called log 
canonical if for every proper birational map tt : X — > X with X normal, all the coefficients 
of — tt*(Kx + A) are > —1. This can be checked on a single log resolution of (X, A), if it 
exists (it does in characteristic zero). For more about log canonical singularities, sec [Kol97j 
and |KM98| . 

Use the method of the above exercise to show the following. If X = Speci? is a ring of 
characteristic p and <j) : R 1 ^" — > R is a divisor corresponding to A as in (j4.15.ip . then if (f> is 
surjective (i.e. if (R,(f>) is F-pure) show that (X, A) is log canonical. Conclude by showing 
that log Q- Gorenstein pairs (Xq,Aq) over C of dense F-pure type (i.e. such that 4>& v is 
surjective for infinitely many p ^> 0) are always log canonical. 



to 
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8.3. F-signature and F-splitting ratio. Recall that a ring R was said to be F-pure if the 
all of Frobenius inclusions R — > R}' pe split as a maps of i?-modules. In this section, we con- 
sider local numerical invariants - the F-signature and F-splitting ratio - which characterize 
the asymptotic growth of the number of splittings of the iterates of Frobenius. 

Setting. In this subsection, unless otherwise specified, all rings are assumed to be local 
integral domains essentially of finite type over a perfect field of characteristic p > 0. 

Definition 8.15. Let (R,m,k) be a local ring. For each e G N, the e-th Frobenius splitting 
(F-splitting) number of R is the maximal rank a e = a e {R) of a free -R-module appearing in a 
direct sum decomposition of R l l pe . In other words, we may write R l/pB = R® ae M e where 
M e has no free direct summands. 

Exercise 8.16. Show that R is F-pure if and only if a e > for some e € N, in which case 
a e > for all e G N. 

Exercise 8.17. [AL03j For any prime ideal p in R, show that a e (R v ) > a e (R). 

Using the following Proposition, it is easy to see that the F-splitting numbers are inde- 
pendent of the chosen direct sum decomposition of R}< pB . 

Proposition 8.18. [AEQ5\ A ssume that k = k p is perfect. Consider the sets 

I e :={reR\ 0(r 1/pe ) G m for all <j> G Rom R (R 1/pe , R)} . 

Then I e is an ideal in R with £n(R/I e ) = a e . 

*Exercise 8.19. [AE05J Check that I e is, in fact, an ideal. Then prove the proposition. 

Theorem 8.20. [Tucll] Let (R,m,k) be a local ring of dimension d. Assume k = k p is 
perfect. Then the limit 

s(R) := lim — ^ 

e— >oo p ea 

exists and is called the F -signature of R. 

The .F-signature was first explicitlj0 defined by C. Huneke and G. Leuschke |HL02j and 
captures delicate information about the singularities of R. For example, the F-signature of 
the two-dimensional rational double-pointio (A„), (D n ), (Eq), (Ej), (Eg) is the reciprocal 
of the order of the group defining the quotient singularity [HL02, Example 18]. However, a 
positive answer to a conjecture of Monsky implies the existence of local rings with irrational 
F-signature, see [Mon08| . 

The heart of the proof of Theorem 18.201 lies in the following technical lemma. 

Lemma 8.21. |Tucllj Let (R,xn, k) be a local ring of dimension d. If {J e } e gN * s an U sequence 
of xn-primary ideals such that jj> p ^ C J e +i and mi p 1 C J e for all e, then lim e _ s . 00 — ^ 
exists. 

Exercise 8.22. [Tucll] Show that the ideals I e from Proposition 18.181 satisfy ij^ C I e+1 and 
m b e ] c J e , and use the previous lemma to conclude the existence of the F-signature limit. 

It is quite natural to expect the F-signature to measure the singularities of R. Indeed, 
when R is reg ular, R l / p " itself is a free -R-module of rank p ed . Thus, for general R, the 
F-signature asymptotically compares the number of direct summands of R}/ p " isomorphic to 
R with the number of such summands one would expect from a regular local ring of the same 
dimension. 

^Implicitly, the F-signature first appeared in |SVdB97] . 

^Here it is necessary to assume that p > 7 to avoid pathologies in low characteristic. 
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Theorem 8.23. [AL03j Theorem 0.2] Let (R,m,k) be a local ring of dimension d. Assume 
k = k p is perfect. Then s(R) > if and only if R is strongly F -regular. 

Definition 8.24. [AE05 Suppose R is -F-pure. If I e is as in Proposition 18.181 the ideal 
P = n eg N-^e is called the F '-splitting prime of R. 

*Exercise 8.25. |AE05j . |Schl0a| Check that P is a prime ideal, and that ^(P 1 /^) C P for 
all (p € Uom R (R 1 / pe ,R). In particular, conclude that t(R) C P. Show that P = (0) if and 
only if R is strongly F-regular. More generally, show that R/P is strongly F-regular. 

Theorem 8.26. [BS T11] |Tucll| Let (R,m,k) be an F-pure local of dimension d. Assume 
k = k p is perfect. Let P be the F -splitting prime of R. Then the limit 

rpiR) := lim — ^jwTd\ 

y ' e-s>oo pedim{R/P) 

exists and is called the F -splitting ratio of R. Furthermore, we have rp(R) > 0. 

8.4. Hilbert-Kunz(-Monsky) multiplicity. Our goal in this section is to explore a vari- 
ant, introduced by P. Monsky, of the Hilbert-Samuel multiplicity of a ring. Recall that the 
Hilbert- Samuel multiplicity of a local ring (R, m, k) along an m-primary ideal / is simply 

e(I) : = lim —£ R (R/r) . 

n— ¥oo n 

The existence of the above limit follows easily from the fact that, for sufficiently large n, 
ln(R/I n ) agrees with a polynomial in n of degree d. Since this polynomial maps Z — > Z, 
it is easy to see that e(J) G Z. When / = m, e{R) := e(m) is called the Hilbert-Samuel 
multiplicity of R. 

Roughly speaking, the idea behind Hilbert-Kunz multiplicity is to use the Frobenius powers 
/[ pC ] of an ideal I, see Definition I2.11[ in place of the ordinary powers L n in the definition 
of multiplicity. For a somewhat different introduction to the Hilbert-Kunz multiplicity, see 
|Hun961 Chapter 6]. 

Setting. In this subsection, unless otherwise specified, all rings are assumed to be local 
integral domains essentially of finite type over a perfect field of characteristic p > 0. 

Theorem 8.27. |Mon83j [Kun76| Suppose (R,m,k) is a local ring of dimension d and char- 
acteristic p > 0. If L is any m-primary ideal, then the limit 



e HK (I) := lim \-l R {Rjl\P e 



exists and is called the Hilbert-Kunz multiplicity of R along /. When I = m, we write 
chk{R) '■= &hk(^) and we refer to this number as the Hilbert-Kunz multiplicity of R. 

Many basic properties of Hilbert-Kunz multiplicity (sec [Mon83| or [Hun96| ) mirror those 
for Hilbert-Samuel multiplicity, such as the following: 

• If / C J are m-primary ideals, then eHK(I) > ghk(J)- 

• We always have chk(R) > 1 with equality when R is regular. 

• £hk(R) = SpeAssh(K) e HK(R/p) where Assh(i?) denotes the set of prime ideals p of 
R with dim( J R/p) = dim( J R). 

• [WY001 IHY 02] If R is equidimensional, then chk{R) = 1 if and only if R is regular. 

• If / is generated by a regular sequence, then euxiX) = ^r{R/I)- 

Exercise 8.28. If R is regular, show that chk{I) = £r(R/I) for every m-primary ideal /. 

Exercise 8.29. |Hun96} Lemma 6.1] Show that &hk (I) > ST e (-0- Note that this inequality 
is known to be sharp if d > 2 by [Han03]. 
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Monsky's proof of the existence of Hilbert-Kunz multiplicity, however, bears little resem- 
blance to the proof of the existence of Hilbert-Samuel multiplicity. Indeed, the function 
e -> £ R (R/I^) frequently exhibits non-polynomial behavior, and chk{R) need not be an 
integer. 

Example 8.30. Consider the characteristic 5 local ring 

R = (F 5 K x, y, z]/(w* + x 4 + y 4 + z 4 » {w ^ z) . 

C. Han and P. Monsky in have computed in [HM93] that 

and, in particular, we have euK{R) = ■ 

In a sense, the proof of Theorem 18.271 is not constructive: Monsky proceeds to show that 
Ir{R/ I^)} ee -^ is a Cauchy sequence. As such, the limit is only known to be a real 
number (and, in particular, not necessarily even rational). The computation of Hilbert-Kunz 
multiplicity is widely considered to be a difficult problem. 

Exercise 8.31. Use Lemma 18.211 to show that chk(L) exists when R is a domain. 
Conjecture 8.32. |Mon09j . cf. [Bre06j The Hilbert-Kunz multiplicity of the local ring 



(F 2 [x, y, z, u, v]/(uv + x 3 + y 3 + xyz)) 



(x,y,z,u,v) 



is | — 14 ^ > and in particular not rational. 

Example 8.33. Let p > 2 be a prime and consider the local rings 

Rp,d = I F p [x , • • • , x d ]/ xf) | 

V »=0 / (x ,...,x s ) 

The numbers eHK{R p ,d) have been explicitly computed [HM93| and - even for a fixed d - 
can depend on p in a complicated way. For example, when d = 4 we have 

29p 2 + 15 
24p2 + 12 ' 

However, I. Gessel and P. Monsky have shown that the eHK{Rp,d) have a well-defined limit 
as p — y oo equal to 1 plus the coefficient of z s in the power series expansion of sec z + tan z. 

Perhaps one of the most interesting open problems aims to identify the non-regular rings 
Rp,d having the smallest Hilbert-Kunz multiplicity possible. 

Conjecture 8.34. [WY05| Let d > 1 and p > 2 a prime number. Let R be d-dimensional 
characteristic p unmixed local ring with residue field ¥ p . If R is not regular, then &hk (R) > 
enK{Rp,d) with equality if and only if it is formally isomorphic to R P; d, i>e. their respective 
completions R ~ R P) d are isomorphic. 

This conjecture is known to be true when R has dimension at most six, see [AEllj . and also 
when R is a complete intersection in arbitrary dimension in [ES05| . Finally also see [Sin05j. 

Many topics from previous sections share a close relationship with so-called relative Hilbert- 
Kunz multiplicities, i.e. the differences chk(L) — chk{J) for pairs of m-primary ideals I C J. 
For example, as seen below, these differences may be used to test for tight closure and are 
closely related to the F-signature. 

Theorem 8.35. [HH90, Theorem 8.17] Assume R is a complete local domain. If I C J are 
two m-primary ideals, then chk{L) = chk(J) if and only if I* = J* . 
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Proof. The (<=) direction is not difficult and is left as an exercise to the reader, along with 
the following hint: 

Hint: First show that there exists a c € R° such that cJ'P' C 1^ for all g > 0. Set 
S = Rf (c) and consider its Hilbert-Kunz multiplicity with respect to /. Finally show that 
there exists an integer k such that (S/(IS)^)® k can be mapped onto j[P e l//[ pe ] for all 
e > 0. □ 

Theorem 8.36. [HL02, Proposition 15] If R is a ring, then for any two m-primary ideals 
ICJ 

(8.36.1) s(R) < . 

Question 8.37. Can one always find m-primary ideals I C J such that equality holds in 
(I8.36.ip ? 

In many cases, such as when R is Q-Gorenstein, the above question has a positive answer. 
More generally, an affirmative response would immediately imply Conjecture 15.101 [ WY04| . 

8.5. F-ideals, F-stable submodules, and F-pure centers. Historically in commutative 
algebra, Frobenius has been used heavily to study local cohomology. In particular, if (R, m) 
is a local ring, the map H % m {R) — > H % m (R l l p ) = H^(R) is called the action of Frobenius on the 
local cohomology module H^R) and denoted by F (more generally, one also has a similar 
action on Hj(R) for any ideal J C R). Of course, one can iterate F, e-times, and obtain 
higher Frobenius actions F e : H^(R) — > H^(R). 

Remark 8.38. If one is willing to use Cech cohomology to write down specific elements of 
H'j(R), then the Frobenius action can be understood as raising those elements to their pth 
power. See [Smi95j for more details. 

Fix F : H^(R) — > Hf n (R) consider now the following ascending chain of submodules. 

ker F C ker F 2 C ker F 3 C . . . 

In |HS77| (also see |Lyu97| , |Gab04| and [BB09aJ) it was shown that this ascending chain 
eventually stabilizes, even though the module in question is Artinian, and not generally 
Noetherian. Set N to be that stable submodule. It is obvious that F(N) C N. On the other 
hand, Karen Smith observed that 0^. dimfl ^ is the unique largest submodule M C H^ mR (R), 

with non-zero annihilator such that F(M) C M, see Sini97 , Motivated by this, she made 
the following definition: 

Definition 8.39. [Smi95j An ideal / C R is called an F -ideal if Mj = Ann^d^j / satisfies 
the condition F(Mj) C Mj. 

Suppose that (R,m) is Gorenstein. Then as in Subsection 13.31 we have a map : R l / p — > 
R. The Matlis dual of this map is F : Hi{R) -)• Hi{R) by local duality, see Theorem \EM 

Exercise 8.40. Still assuming that R is Gorenstein, prove that / is an F-ideal if and only if 

<s>r(i 1/p ) c /. 

It turns out that this notion is very closely related to log canonical centers in characteristic 
zero. Motivated by this connection we define the following. 

Definition 8.41. [SchlOa] [BK05J A prime ideal Q € Speci? is called an F-pure center if 
for every e > and every (p € HomR(i? 1 / pe , R), one has <f>(Q 1/pe ) C Q. It is very common to 
also assume that Rq is F-pure. 
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More generally, given some fixed 4> £ Hom^(i? 1//pe , R), an ideal Q € SpecR is called an 
F-pure center of (R,</>), if <XQ 1/pe ) C Q. If additionally <j> is a Frobenius splitting, then Q 
(or the variety it defines) is called compatibly fi-split. 

Exercise 8.42. Suppose that R is F-pure and Q € Speci? is an F-pure center. Show that 
R/Q is also F-pure. Compare with |Kaw971 IAmb 98 , KK10] keeping in mind that F-pure 
singularities are closely related to log canonical singularities cf. Exercise 18.141 

Exercise 8.43. [SchlOaJ, cf. |AE05| Suppose that R is F -pure and Q E Speci? is an F-pure 
center which is maximal with respect to inclusion. Prove that R/Q is strongly F-regular. 
Compare with [Kaw98j. If R is local, prove further that Q is the splitting prime, Definition 
EM 

The structure of Frobenius stable submodules (and their annihilators) has been an impor- 
tant object of study in commutative algebra for several decades. In particular, several ques- 
tions about their finiteness have been asked, and also answered, see for example [Ene03a], 
[EH08] and [Sha07j. These questions are closely related to the finiteness of F-pure cen- 
ters or compatibly 0-split ideals. See |Sch09al IKM09] for answers to this question and see 
[STlObl IBB09aj for generalizations. 

*Exercise 8.44. [Sc hlOa] Suppose that (X, A) is a log Q-Gorenstein pair of any character- 
istic, see Definition 14.101 Then a subscheme Z C X is called a log canonical center if there 
exists a proper birational map tt : X — > X with X normal and a prime divisor E on X such 
that 7r(F) = Z and also such that the coefficient of E in K% — tt*{Kx + A) is —1. 

Suppose now that (X = Spec R, A) is a log Q-Gorenstein pair of characteristic p > and 
that A = A^ for some 6 : R l /P e -> R 1 ^ as in (|4.15.1j) . Show that every log canonical center 
of (X, A) is an F-pure center of (R, <fi). 

Appendix A. Canonical modules and duality 

A.l. Canonical modules, Cohen-Macaulay and Gorenstein rings. Throughout this 
section, we restrict ourselves to rings of finite type over a field k. The generalization of the 
material in this section to rings of essentially finite type is obtained via localization, and so will 
be left to the reader as an exercise. In particular, we assume that R = k[xi, . . . , x n ]/I = S/I. 
All the material in this section can be found in |BH98] or [Har66j. 

Definition A.l. Suppose that R is as above and additionally that R is equidimensional of 
dimension d. Then we define the canonical module, ujr of R, to be the i?-module 

uj r := Ext"- d (i?,S). 

We state several facts about canonical modules for the convenience of the reader. Please 
sec [Har67], [Har66] or [BH98] for details and generalizations. 

(1) If R is a normal domain, then ujr is isomorphic to an unmixed ideal of height one in 
R. In particular, it can be identified with a divisor on Speci?. Any such divisor is 
called a canonical divisor, see also Appendix [Bl 

(2) If R = S/(f), then it is easy to check that uj r = R = S/(f). (Write down the long 
exact sequence computing Ext). 

(3) The canonical module as defined seems to depend on the choice of generators and 
relations (geometrically speaking, it depends on the embedding). In the context we 
are working in, is in fact unique up to isomorphism. In greater generality, the 
canonical module is only unique up to tensoring with locally-free rank-one i?-module. 
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Definition A. 2. With R equidimensional of dimension d, we say that R is Cohen- Macaulay 
if Ext^(ii, S) = for all £ ^ n — d. We say that R is Gorenstein if R is Cohen-Macaulay and 
additionally if for each maximal ideal m € Speci? we have that (ojn) m = R m (abstractly). 

For the reference of the reader we also recall some facts about Cohen-Macaulay and Goren- 
stein rings. 

(i) In a Cohen-Macaulay ring, ujr has finite injective dimension and so in a Gorenstein 
ring, R has finite injective dimension. 

(ii) If R = S/(f) then R is Cohen-Macaulay and Gorenstein (this also holds if R is a 
complete intersection). 

(iii) A regular ring is always Gorenstein, and in particular, it is Cohen-Macaulay. 

(iv) A local ring (R, m) is Cohen-Macaulay if and only if H^(R) = for all < i < dim R. 

(v) If g £ R is a regular element and R is local, then Rj (g) is Gorenstein (respectively 
Cohen-Macaulay) if and only if R is Gorenstein (respectively Cohen-Macaulay) 

Finally, we include one more definition. 

Definition A. 3. A normal ring R is called Q-Gorenstein if the canonical module ujr, when 
viewed as a height-one fractional ideal lor C K(R), has a symbolic power lo^ which is locally 
free (for some n > 0). 

Equivalently, after viewing ur C R as a fractional ideal, one may associate a divisor Kr 
on Speci?. The symbolic power statement then is the same as saying that uKr is Cartier. 

A. 2. Duality. In this section we discuss duality and transformation rules for canonical mod- 
ules. First we recall Matlis duality and the surrounding definitions. Throughout this section, 
we restrict ourselves to rings essentially of finite type over a field. 

Definition A.4 (Injective hull). (BH981 IHa767l IHar661 IBS98] Suppose that (R,m) is a local 
ring. An injective hull E of the residue field R/m is a an injective i?-module E ^> k that 
satisfies the following property: 

• For any non-zero submodule U C E we have U D k ^ {0}. 

Injective hulls of the residue field are unique up to non-unique isomorphism. They are in a 
very precise sense the smallest injective module containing E, see [BH98, Proposition 3.2.2] 
for additional discussion. 

Theorem A.5 (Matlis Duality). |BH98l iHaTBTl IHar66l IBS98] Suppose that (R,m) is a local 

ring and that E is the injective hull of the residue field. Then the functor Hom^( , E) is 

a faithful exact functor on the category of Noetherian R-modules. More-over, applying this 

functor twice is naturally isomorphic to the ®r R functor where R is the completion of 

R-along m. 

Additionally and in particular, if R is already complete, then Hom^( ,E) induces an 

equivalence of categories between Artinian R-modules and Noetherian R-modules ( and visa- 
versa). 

Now we state a special case of local- duality. 

Theorem A. 6 (Local Duality). |Har66l Chapter V, Section 6], [Har67| . [BS98] Suppose that 
(R, m) is a local ring and that E is the injective hull of the residue field. Then for any finitely 
generated R-module M: 

Rom R (Kom R (M, lur),E) S H^ mR (M). 
In particular H^ raR {ujR) = E so that if R is Gorenstein then H^ mR (R) = E. 
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Furthermore, if R is Cohen- Macaulay, then we have a natural isomorphism, 

Rom R (Ext R (M,u R ),E) =a i^imR-i (M) 

for all i > 0. 

Remark A. 7. If one is willing to work in the bounded derived category with finitely generated 
cohomology D^ oh (R), then one obtains the more general statement (without any Cohen- 
Macaulay hypothesis): 

Hom_R (R Horn jj (M, lo' r ),E) ~ qis RT m (M). 

where oj' r is the dualizing complex of R. 

Finally, we remark on the following transformation rule for the canonical module 

Theorem A. 8. Suppose that R C S is a finite extension of normal rings essentially of finite 
type over a field k. Then 

Rom R (S,uj R ) = lo s . 

Proof. This is contained in for example |BH98| Theorem 3.3.7(b)] for Cohen-Macaulay local 
rings and the statement holds more generally for Cohen-Macaulay schemes. In particular, 
both modules are automatically isomorphic (with a natural isomorphism) on the Cohen- 
Macaulay-locus. But both modules are reflexive, and thus since the non-Cohen-Macaulay 
locus is of codimension at least 2, the modules are isomorphic. □ 

Remark A. 9. We will be applying Theorem IA.8l to the case of the inclusion R C R}' p . While 
R is finite type over k, R}' p is of finite type over fc 1//p . If k is perfect, then k lj/p = k and 
the inclusion R C R}l p can be interpreted as being /c-linear (although with possibly different 
choices of generators and relations for R l / p over k). If A; is not perfect, then R}' p need not 
be finite type over k, but it is if [k l l p : k] < oo and again in this case the generators and 
relations for R > p over k maybe different than those over 

However, as long as [k l / p : k] < oo, then it can be shown that w R i/ P — {<jJ R ) l l p or in other 
words that ujf^r — F*u R . Also see the discussion around condition (f) in [BSTZ10, Page 
921]. 

Remark A. 10. If one is willing to work in the derived category D^ oh (R), then Theorem 
IA.8I should be viewed as a generalization of the following special case of duality for a finite 
morphism where M € D^ oil (S): 

RHom^M.wy = RHomg (M, u>' s ). 

Simply take M = S. 

In fact, there is the following generalization of the above remark. 

Theorem A. 11 (Grothendieck Duality). [Har66] Suppose that f : Y — >• X is a proper 
morphism of varieties over afield k. Then u' x and Uy exist and furthermore, for any coherent 
sheaf jtft (or more generally object of D b coh {X)), we have a functorial isomorphism 

RJfomg x (R/ + ^#,Ux) — q is R/*R^oni0 y (^#, w^) 

in D^ oh (X). In particular, if we set o>M = Oy, we have an isomorphism: 

— qis R/*Wy- 

Corollary A. 12. Suppose that tt : Y — > X is a proper morphism of varieties of the same 
dimension over a field k. Then we have a natural map 
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Proof. Consider the natural map Ox — > R^Oy and apply the contra- variant Grothendieck- 

duality functor YLJl?om.o x { , oj' x ), use the second half of Theorem IA. Ill and then take co- 

homology (the fact that U~ dimy R/*w y = 7T*wy follows by analyzing the associated spectral 
sequence) . □ 

Appendix B. Divisors 

In this section, we review divisors on normal algebraic varieties. Divisors are sometimes 
a stumbling block for commutative algebraists trying to apply the techniques of algebraic 
geometry. As such, this appendix is designed to serve as a reference for divisors for those 
already familiar with commutative algebra. For those more geometrically inclined, please 
read [Har77l Chapter II, Section 6] or |Har94] . 

We treat divisors here only in the case of an affine variety and describe them using symbolic 
powers. The generalization to non-amne varieties is left to the reader. Of course within the 
broader field of algebraic geometry, the formalism of divisors is most useful in the study of 
projective (non-affine) varieties. 

Definition B.l. Suppose that R is a normal domain of finite type over a field, and let 
X = Spec R be the corresponding normal affine algebraic variety. Then a prime divisor on X 
is a codimension 1 subvariety of X, and a Weil divisor on X is a formal Z-linear combination 
of prime divisors. In other words, a Weil divisor is an element of the free Abelian group on 
the set of all prime divisors. 

Remark B.2. A prime divisor is exactly the same data as a height one prime ideal P C R. 
More generally, a Weil divisor can be viewed as the combined data of a finite set of height-one 
prime ideals with formal coefficients rij. In other words D = ^riiV{Pi) where the Pi are 
prime ideals and V(Pi) = {Q G SpecPjPj C Q} = Spec(R/ Pi) C X is the vanishing locus 
of Pi. 

Given a prime P € SpecP, and an integer n > 0, we use P^ = (P n Rp) n R to denote 
the n-th symbolic power of P. If n = 0, then p( n ) = R. If n < then p( n ) is the fractional 
ideal which is the inverse to p(N). Explicitly, p( n ) = {x 6 K(R) | xP(H) c R}. 

Definition B.3. Given a divisor D = ^niV{Pi) on an algebraic variety X = SpecP, the 
sheaf Ox(D) is simply the coherent sheaf of Ox-modules associated with the fractional ideal 
Di-f/ I n particular, note also that Ox{— D) is determined by p( n *\ 

Because the category of coherent sheaves of Ox-modules is equivalent to the category of 
finitely generated P-modules, in what follows we will treat Ox{D) as if it was a fractional 
ideal and not a sheaf. 

Remark B.4. A key property of O x {D) = f\ P?"™^ is that it is S2 as an P-module. Because it 
has full dimension and R is normal, this means that it is also reflexive as an R- module (in other 

words, applying the functor Hom^( , R) twice yields an isomorphic module). Therefore if 

O x {D) = Hi P^ and O x (E) = f] { p/ _mi) then O x (D + E) = f\ p\- n ^ m ^ is the lar gest 
ideal that agrees with Ox{D) • Ox{E) at all the height-one-primes of R. See [Har94] for 
additional discussion. 

Definition B.5. We now list some common properties/prefixes associated to Weil divisors. 
Suppose that D = ^2riiV(Pi) is a Weil divisor on X = Spec P. 

(1) D is called effective if all of the n^'s are non-negative. 

(2) D is called Cartier if for every maximal (equivalently prime) ideal m € SpecP, 
(Ox(D)) m is a principal ideal. In other words, if f] { P> n ^ is locally principal. 

(3) D is called reduced if all of the n^'s are equal to 1. 
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(4) D is called Q-Cartier if there exists an integer n > such that nD is Cartier. 

Equivalently, this means P^~ n ^ is locally principal. The index of a Q-Cartier 

divisor is the smallest such n. 

(5) D is called a canonical divisor if Ox{D) is (abstractly) isomorphic to a canonical 
module of R. 

(6) A reduced divisor is said to have normal crossings if it is Cartier, and for each 

q G Speci? containing the ideal Ox{—D), Rq is regular and (Ox(—D))q = (f^ f/ n ^)q 
is an ideal generated by a product of minimal generators of the maximal ideal of Rp. 
If each R/Pi is a regular ring, we then say that D has simple normal crossings. 

(7) Two divisors D and E are said to be linearly equivalent if Ox(D) is abstractly iso- 
morphic to Ox(E). In that case, we write D ~ £\ 

(8) The non-zero elements x G Ox (D)) are in bijective correspondence with effective 
divisors linearly equivalent to D. 

Exercise B.6. Prove that every divisor in a regular ring is Cartier and that every pair of 
Cartier divisors in a regular local ring are linearly equivalent. 

Exercise B.7. Prove that V((x, y}) on Spec k[x, y, z\/(x 2 —yz) is not Cartier but is Q-Cartier. 

Finally we also describe Q-divisors. 

Definition B.8. A Q-divisor is a formal sum ^^nj-Dj = ^j n «^(-^) OI P r i me divisors with 
rational coefficients Hi G Q. The set of Q-divisors also form a group under addition. 

Remark B.9. It is also very natural to define M-divisors. We won't do that here however. 

Definition B.10. We now state some common terminology with Q-divisors. 
Fix a Q-divisor A = n-iDi 

(i) A is called effective if all of the n^'s are non-negative. 

(ii) We define [A] = £J^1A, likewise [AJ = EiMA- 

(iii) When dealing with a Q-divisor D, we say that D is integral if D is simultaneously a 
Weil-divisor and a Q-divisor (in other words, if all the ni are integers). 

(iv) We say that A is a Q-Cartier divisor if there exists an integer n > such that nA is 
an integral divisor and a Cartier divisor. The index of a Q-Cartier Q-divisor is the 
smallest such n. 

(v) We say that two Q-divisors Ai and A2 are Q-linearly equivalent if there exists an 
integer n > such that nAi and nA2 are linearly equivalent integral Weil-divisors. 
In this case we write Ai ~q A2. 

Appendix C. Glossary and diagrams on types of singularities 

We collect the various measures of and types of singularities in characteristic p. Most of these are 
mentioned in the paper. First we display a diagram explaining the relationship between the various 
singularity classes in characteristic zero and characteristic p > 0. 



+ Gor. 



+ Gor. 




Log Terminal > Rational 



Log Canonical > Du Bois 




F-Regular > F-Rational 



F-Pure/F-Split > F-Injective 

V 



+ Gor. &c normal 



+ Go 
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The left-square is classes of singularities in characteristic zero. The right side is classes of singularities 
in characteristic p > 0. An arrow A B between two classes of singularities means that all singular- 
ities of type A are also of type B. For example, the arrow Log terminal => Rational means that all 
log terminal singularities are rational. 

The connecting arrows between the two squares are via reduction to characteristic p, see |Smi971 
IHar9 8a, MS97, HW02, Sch09b . There has been some progress on the conjectural direction between 
F-pure and log canonical singularities, |Har98bl I5T091 IHerllal IMS101 IMuslOl iTakTT] . 

It should be noted that some of the implications on the characteristic zero side are highly non-trivial, 
see |Elk811lKo^[Sal00llKK10] . 

C.l. Glossary of terms. 

(Big) test ideal: Given an F-finite reduced ring R of characteristic p, the (big) test ideal t(R) = 
Tb(R) is defined to be the smallest ideal I C R, not contained in any minimal prime, such that 
(f)(I 1/p °) C I for all e > and all <p € Kom R (R l l p \ R). It also coincides with f| A /(° -R °m) 
where M runs over all F-modules. The big test ideal is closely related to the multiplier ideal in 
characteristic zero, see [SmiOObl [HarOl for the original statements and see [HY031 ITak04b] for 
generalizations to pairs. 

(Big/finitistic) test element: An element r £ J! which is not contained in any minimal prime of 
R is called a finitistic test element if z 6 I* implies that cz p £ I^ p 1 for all e > 0. It is called a big 
test element if z € 0^ implies that = c 1 / pC ® z 6 (g) M for all F-modules M. It is an open 

question whether these two definitions are equivalent. See jHH90j . |LS01] and |Hoc07j . 

Completely stable (finitistic) test element: An element r in a local ring R, such that r is not 
contained in any minimal prime of R, is called a completely stable test (finitistic) element if it 
is a finitistic test element and if it remains a finitistic test element after both localization and 
completion. 

Dense F-XXX type: For a given class of singularities "F-XXX" in characteristic p, a characteristic 
zero scheme X (or pair as appropriate) is said to have dense F-XXX type if for all sufficiently large 
finitely generated Z-algebras A and families Xa — > Spec A of characteristic p-modules of X (in 
particular, the generic point of that family agrees with X up to field-base-change), there exists a 
Zariski-dense set of maximal ideals q S Spec A such that the fiber X q has F-XXX singularities. 

Divisorially F-regular: The combined information of a normal variety X in characteristic p > 
and an effective reduced divisor D C X is called divisorially F-regular if for every c € R, not 
vanishing on any component of D, there is an i?-linear map : R^P" -> R, for some e > 0, 
which sends c x l p to 1. Divisorially F-regular pairs were introduced in |HW02j . Unfortunately 
for the terminology, divisorially F-regular pairs correspond to purely log terminal singularities in 
characteristic zero, see |Tak08] . 

F-finite: A reduced ring of characteristic p > is called F '-finite if R}/ p is a finite i?-module. Every 
ring essentially of finite type over a perfect field is F-finite. See |Kun76j . 

F-injective: A reduced F-finite ring of characteristic p > is called F '-injective if the natural map 
H l m (R) ->• H^(i? 1/p ) is injective for every i > and every maximal ideal m C R. See (Fed 83 . F- 
injective rings are closely related to rings with Du Bois singularities in characteristic zero, |Sch09bj . 

F-ideal: Suppose that (R, m) is a local ring. An ideal I C R is called an F -ideal if Mj := Ann^d rg\ I 
satisfies the condition F(Mj) — Mj, see |Smi95j . 

F-jumping number: Suppose that R is an F-finite reduced ring and o C R is an ideal. The F- 
jumping numbers of the pair (i?, o) are the real numbers t > such that t(R, a*) ^ t(R, a*~ e ) for 
all e > 0. 

F-pure: A reduced ring of characteristic p > is called F-pure if for every F-module M, the map 
M M® R R 1 ^ is injective. If R is finite type over a perfect field, then this is equivalent to the 
condition that R — > R 1 ^ splits as a map of F-modules. F-purity was first introduced by Hochster 
and J. Roberts in HR76J. F-pure rings are closely related to rings with log canonical singularities 
in characteristic zero, [HW02] . See |HW02[ [Tak04a l Sc hllbj for generalizations to pairs/ triples. 

F-pure center (a.k.a. center of F-purity): Suppose that R is an F-finite ring. A prime ideal 
Q G Speci? is called an F-pure center if for every e > and every (j) S Homij(i? 1 / p ,F), one has 
cj)(Q 1 / p '") C Q. It is very common to also assume that Rq is F-pure. See [SchlOa . 
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F-pure threshold: For a given pair (R, a), the F-pure threshold of (R, a) is the real number sup{s > 
0\(R, o s ) is F-pure}. It was introduced in |TW04j and is an analog of the log canonical threshold. 
Also compare with the F-threshold introduced M TW05) . 

F-threshold: For a given pair (R, a) with R is a local ring with maximal ideal m, the F -threshold 

of the pair is the limit lim e _j.oo max ^ a i m — I This coincides with the F-pure threshold when R 
is regular, but is distinct otherwise. It was introduced in |MTW05] . 

F-rational: An F-finite reduced local ring R is called F -rational if it is Cohen-Macaulay and there is 
no proper non-zero submodule J C ujr such that dual to the Frobenius map F*u>r — > ton sends F* J 
back into J. Equivalently, R is F-rational if all ideals generated by a full system of parameters are 
tightly closed. See [FW 89 for the original definitions. F-rational singularities are closely related 
to rational singularities in characteristic zero, see |Smi97] . |Har98aj and |MS97j . 

F-regular: A ring R of characteristic p > is called F '-regular if all ideals in all localizations of R 
arc tightly closed, see |HH90j . 

F-split: A scheme X of finite type over a perfect field characteristic p > is called F-split (or 
Frobenius split) if the Frobenius map Ox — > Cj/ P splits. If X is affine and F-finite, this is the 
same as F-pure. The use of F-splittings to study the global geometry of schemes was introduced 
in [MR85 and [RR85 . Also see Hab80 and BK05 . F-split projective schemes are closely related 
to log Calabi-Yau pairs in characteristic zero SS10 . 

F-signature: Suppose that (R, m) is a local ring of characteristic p > with perfect residue field 
R/m. Then the F-signature of R, denoted s(R), is the limit lim^oo a e /p ed where a e is the number 
of free i?-summands of R 1 ' p ; in other words R 1 /?' = R® a - © M. It was first defined explicitly in 
HL02] , also see |SVdB97] . The limit was shown to exist by the second author in [Tucllj . 

F-stable submodule: Suppose M is an F-module with a Frobenius action F : M — > M (an additive 
map such that F(rx) = r p F(x)). Most typically M = H^ mR (R) and F is the induced action of 
Frobenius. Then an F-stable submodule N C M is a submodule N C M such that F(N) C N. 

(FFRT) Finite F-representation type: Suppose we are given an F-finite complete local ring 
(R, m) and consider the Krull-Schmidt decomposition R 1 ' p " — Mi jG ••• M„ eje of R 1 ' pe for 
each e. We say that R has finite F-representation type, or simply FFRT, if the set of isomorphism 
classes of the Mi :£ is finite (as e varies). Rings with FFRT were introduced by jSVdB97| . It is 
worth mentioning that tight closure commutes with localization in rings with FFRT |Yao05] . 

(Finitistic) test ideal: Given a ring R of characteristic p, the finitistic test ideal Tf g (F) is defined 
to be C\jcfi(I '■ I*) where I* is the tight closure of I. Classically, finitistic test ideals were known 
simply as test ideals, see |HH90j . 

Frobenius action: Suppose that R is a ring and M is an i?-module. A Frobenius action on M (or 
simply an F-action) is an additive map / : M — ¥ M satisfying the rule f(r.m) — r p .m for all r € R 
and m 6 M . 

Generalized test ideal: In the literature, the test ideal t(R, a') (or more generally for more compli- 
cated pairs and triples) is often called the generalized test ideal. At one point it was believed that 
the generalized test ideal was not made up of "test elements" , but it is made up of appropriately 
defined test elements, see Exercise [6T7] and |Sch08j . 

Globally F-regular: A scheme X of characteristic p > is called globally F-regular if for every 
effective divisor D there exists an e > such that the Frobenius map Ox — > (OxiFJ)) 1 ^ splits. If 
X is affine and F-finite, this is the same as strongly F-regular. Globally F-regular varieties were 
introduced in [SmiOOa . Globally F-regular projective schemes are closely related to log Fano pairs 
in characteristic zero [SS10J . 

Hartshorne-Speiser-Lyubeznik (HSL)-number: Given a local ring (R, m), then the Hartshorne- 
Speiser-Lyubeznik number of R (or simply the HSL-number) is the smallest natural number e > 
such that the kernel of the local cohomology e-iterated Frobenius ker (H^ mR (R) — > H^ mR (F^R)) 
is equa l to t he kern el ker (H^ imR {R) ~> H^ inlR (F^ +1 R)) . It is always a finite number by [HS771 
|Lyu97| . See |Sha071 Definition 3.14] where this definition is generalized to any Artinian i?-module 
with a Frobenius action, instead of simply H^ mR (R). 

Hilbert-Kunz(-Monsky) multiplicity: Given a local ring (R,m) of characteristic p > and an 
m-primary ideal a, the Hilbert-Kunz multiplicity of a C R is defined to be lim e _ > . 00 length R {R/ oft '), 
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it is denoted by enK(a, F). Although originally thought not to always exist, |Kun761 Page 1011], 
Monsky showed it did indeed always exist in |Mon83) . It is however notoriously difficult to compute. 
There are many connections between the Hilbert-Kunz multiplicity and tight closure of ideals as 
well as the F-signature. 

(Open) F-XXX type: For a given class of singularities "F-XXX" in characteristic p, a characteristic 
zero scheme X (or pair as appropriate) is said to have dense F-XXX type if for all sufficiently large 
finitely generated Z-algebras A and families Xa —> Spec A of characteristic p-modules of X (in 
particular, the generic point of that family agrees with X up to field-base-change), there exists 
an open and Zariski-dense U C Spec A such that for all maximal ideals q G U, the fiber X q has 
F-XXX singularities. 

Sharply F-pure: A variant of F-purity for pairs introduced in |Sch08] . This variant uses the \(p e — 
1)A] or \t(p e — 1)] -exponent instead of \t(p e — 1)J or \tp e ~\. One aspect that distinguishes it from 
previous F-purity definitions for pairs, see |HW02] |Tak04a] . is that the test ideal of a sharply 
F-pure pair is always a radical ideal. See [Sch08 , Corollaries 3.15 and 4.3] as well as [SchlOb] and 
[Herllbj for further refinements. 

Splitting prime: Given an F-finite F-pure local ring (F, m) of characteristic p > 0, the splitting 
prime C F is defined to be the set {c G F|(/>(c 1/pC ) G m,Ve > O,V0 G Hom^F 1 /^ , F)}. The 
splitting prime was introduced by Aberbach-Enescu in [AE05 . It closely related to a minimal log 
canonical center in characteristic zero, see [SchlOa] . As an ideal, it is the largest F-pure center. 

Strongly F-regular: An F-finite reduced ring of characteristic p > is called strongly F -regular if 
for every c G R not contained in a minimal prime, there is an F-linear map <f> : R 1 /^ -» R, for 
some e > 0, which sends c x l p ° to 1, see [HH89 . Strongly F-regular rings are closed related to rings 
with log terminal singularities in characteristic zero, see HW02]. See |HW02[ |Tak04a, S chllb] for 
generalizations to pairs/triples. For generalizations to the non- F-finite setting, see |Hoc07] . 

Strong test ideal: A strong test ideal for a ring R is any ideal J (not contained in any minimal 
prime) such that J I* = J I for all ideals ICR. They were introduced in [Hun97j . The strong test 
ideal coincides with the test ideal in many cases, see [HS01] and |Vra02] . Additional generalizations 
to modules can be found in Enc03b . 

Strongly F-pure: A variant of F- purity for pairs introduced in |HW02| . A pair (F, A) is strongly 
F-pure if there exists <b G Hom fl (F%R(\p e A\),R) C Rom R (F^R, R) such that <j)(F£R) = R. 

Test ideal: See big test ideal or finitistic test ideal. 

Test element: See big y 'finitistic test element. 

Tight closure: The tight closure I* of an ideal I C R is the set of z G R such that there exists c G F, 
but not in any minimal prime of F, so that c Z p° G I [p ^ ] for all e > 0. See [HH90| . 

g-Weak test element: An element c G R not in any minimal prime is called a q-weak test element 
if for all p e > q = p d , we have that cx p ° G /' p °l for all x G I* as I ranges over all ideals of F, see 
[HH901 Section 6]. 

Weakly F-regular: A ring F of characteristic p > is called weakly F-regular if all ideals are tightly 
closed, see (HH90 . It is an open question whether weakly F-regular rings are strongly F-regular. 
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